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Fig. 1. We present a new 3D cam-linkage mechanism that can exactly generate a user-specified 3D path such as the TReroiL KNOT curve shown here, driven by

a single actuator (indicated by a circular arrow on the left).

Exact 3D path generation is a fundamental problem of designing a mech-
anism to make a point exactly move along a prescribed 3D path, driven
by a single actuator. Existing mechanisms are insufficient to address this
problem. Planar linkages and their combinations with gears and/or plate
cams can only generate 2D paths while 1-DOF spatial linkages can only
generate 3D paths with rather simple shapes. In this paper, we present a
new 3D cam-linkage mechanism, consisting of two 3D cams and five links,
for exactly generating a continuous 3D path. To design a 3D cam-linkage
mechanism, we first model a 3-DOF 5-bar spatial linkage to exactly gener-
ate a prescribed 3D path and then reduce the spatial linkage’s DOFs from
3 to 1 by composing the linkage with two 3D cam-follower mechanisms.
Our computational approach optimizes the 3D cam-linkage mechanism’s
topology and geometry to minimize the mechanism’s total weight while
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ensuring smooth, collision-free, and singularity-free motion. We show that
our 3D cam-linkage mechanism is able to exactly generate a continuous
3D path with arbitrary shape and a finite number of C° points, evaluate
the mechanism’s kinematic performance with 3D printed prototypes, and
demonstrate that the mechanism can be generalized for exact 3D motion
generation.
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1 INTRODUCTION

Path generation is a fundamental problem of designing a mechanism
to make a point move along a prescribed path [Russell et al. 2014].
Although this task can be achieved by robotic arms, they require
coordinating motion of multiple actuators by using complex control
software. Instead, path generation mechanisms can perform repeti-
tive motion precisely driven by a single actuator, in which motion
of the actuated part is embedded in mechanism components. This
single-actuator-driven property brings several advantages including
low-cost, lightweight, and easy to control, making them widely used
in many applications such as machines [Roussel et al. 2018] and
robotics [Mannhart et al. 2020].
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Fig. 2. Our 3D cam-linkage mechanism is a composition of (left) 3D cam-
follower mechanisms [Cheng et al. 2021] and (right) a spatial linkage.

Planar linkages [Bécher et al. 2015], as well as their combinations
with gears [Coros et al. 2013] and planar cams [Mundo et al. 2006]
are the most widely used mechanisms for generating a path on a
planar surface. Besides a planar surface, 3D cam-follower mech-
anisms enable to generate a path on a cylindrical or a spherical
surface [Cheng et al. 2021]; see Figure 2 (left). To generate a 3D path,
spatial linkages are commonly employed. However, due to the finite
number of design parameters (e.g., joint positions), spatial linkages
driven by a single actuator (i.e., 1-DOF spatial linkages) can only
generate 3D paths with rather simple shapes [Chu and Sun 2010;
Liu et al. 2020; Sun et al. 2012]; see Figure 2 (right).

In this paper, we study mechanisms that can make a point exactly
move along a prescribed 3D path, a problem known as exact 3D path
generation. Moreover, we want such mechanisms to be simple and
lightweight such that they can be easily deployed into many existing
systems such as machines, vehicles, or robots. As mentioned above,
1-DOF spatial linkages can only generate 3D paths with simple
shapes. Extending the spatial linkage to 3-DOF enables it to exactly
generate a 3D path, yet requires three independent actuators. To
model an exact 3D path generation mechanism, our idea is to first
model a 3-DOF spatial linkage to exactly generate a prescribed 3D
path and then to reduce the spatial linkage’s DOFs from 3 to 1 by
composing the linkage with 3D cam-follower mechanisms since
these mechanisms are able to convert 1-DOF rotation to arbitrary 2-
DOF motion [Cheng et al. 2021]. We call our new mechanism 3D cam-
linkage since it is a composition of 3D cam-follower mechanisms
and a spatial linkage; see Figure 1 for an example.

Given a user-specified 3D path represented as a continuous space
curve with a finite number of C° points, our problem is to model
and design a simple 3D cam-linkage mechanism that can exactly
generate the path. This problem is challenging in three aspects.
First, determining the 3D cam-linkage mechanism’s topology is
non-trivial since there are many different ways to combine 3D cam-
follower mechanisms with a spatial linkage. Second, the 3D cam-
linkage mechanism’s end-effector should be able to exactly follow
the 3D path while the whole mechanism’s motion should be smooth,
collision-free, and singularity-free. Third, the 3D cam-linkage mech-
anism should be fabricable and as lightweight as possible.

To address the challenges, we make the following contributions:

e We introduce a new 3D cam-linkage mechanism for exact 3D path
generation, which only consists of two 3D cams and five links.

e We enumerate all possible topologies of the 3D cam-linkage mech-
anism, and present a unified method to model the geometry and
kinematics for the mechanism with different topologies.
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e We propose an optimization-based approach to designing a 3D
cam-linkage mechanism for exactly generating a continuous 3D
path while ensuring the mechanism’s fabricability and minimizing
its weight.

We demonstrate that our 3D cam-linkage mechanism is able to
exactly generate a continuous 3D path with arbitrary shape and a
finite number of C° points, and verify its kinematic performance
with 3D printed prototypes. Although we focus on path generation
in this paper, we show that our 3D cam-linkage mechanism can be
generalized for accomplishing more complex motion transfer tasks
such as exact rigid body guidance (i.e., exact 3D motion generation).

2 RELATED WORK

Mechanism design. The goal of mechanism design is to construct
a mechanism to transfer an input motion (typically from a motor)
to an output motion that satisfies a set of motion characteristics.
Two typical mechanism design problems are rigid body guidance
and path generation. Rigid body guidance aims to design a mech-
anism for guiding a rigid body through a series of specified po-
sitions and orientations. Researchers in the graphics community
have addressed this problem to design various 3D printable me-
chanical automata, including mechanical figures that mimic human
motions [Ceylan et al. 2013], planar mechanical characters [Megaro
et al. 2014], kinetic wire characters [Xu et al. 2018], multi-pose me-
chanical objects [Nishida et al. 2019], and invertible paradoxic loop
structures [Li et al. 2020]. Rather than focusing on a rigid body,
path generation aims to design a mechanism to make a point move
along a prescribed trajectory. Several computational approaches
and tools have been developed to address the 2D path generation
problem, e.g., for designing mechanical characters [Coros et al. 2013;
Thomaszewski et al. 2014], drawing devices [Roussel et al. 2018],
and walking machines [Bharaj et al. 2015]. When the output motion
is restricted to 1-DOF translation and/or 1-DOF rotation, such as
end-effector motion of mechanical toys [Zhu et al. 2012] and wind-
up toys [Song et al. 2017], there is no specific difference between
rigid body guidance and path generation.

2D path generation. Path generation problem can be classified
as 2D or 3D, depending on whether the prescribed path is planar
or spatial. Path generation problem also can be classified as exact
or approximate, depending on whether the mechanism can exactly
generate the prescribed path or not.

The most widely used mechanism for 2D path generation is 1-
DOF planar linkage due to its simplicity and ease-of-fabrication.
However, due to the finite number of design parameters (e.g., joint
positions), planar linkages alone can only approximate a prescribed
path [Bécher et al. 2015; Pan et al. 2019; Thomaszewski et al. 2014],
or generate a path that exactly passes through a few prescribed 2D
points (e.g., 9 precision points for 4-bar planar linkages [Wampler
et al. 1992]). To address the exact 2D path generation problem,
planar linkages have to be combined with mechanical parts whose
shape is defined by an infinite number of parameters, in particular,
planar cams [Kay and Haws 1975; Mannhart et al. 2020; Mundo
et al. 2006; Singh 1981] or non-circular gears [Mundo et al. 2009].
Besides planar linkages, Cheng et al. [2021] proposed a 3D cam-
follower mechanism with a ball-move-in-groove joint for exact path



generation. The mechanism can exactly generate a path not only
on a planar surface, but also on a cylindrical or spherical surface,
defined by the follow-support joint.

3D path generation. To generate a 3D path, the most typical way
is to use 1-DOF spatial linkages in which the links can move in the
3D space driven by a single actuator. Similar to their 2D counter-
parts, these spatial linkages can only approximate a prescribed 3D
path [Chu and Sun 2010; Liu et al. 2020; Sun et al. 2012], or generate
a path that exactly passes through a few prescribed 3D points (e.g., 7
precision points for UR-2SS linkages [Chung 2015] and 9 precision
points for RCCC linkages [Bai et al. 2022]). Compared with these
spatial linkages, our 3D cam-linkage mechanism is able to exactly
generate a prescribed continuous 3D path with arbitrary shape and
a finite number of C° points.

One possible way to generate 3D paths with complex shapes
is to combine spatial linkages with planar cams. Takahashi and
Okuno [2018] developed an automaton that can draw user-specified
2D sketches with disconnected segments. The core component of the
automaton is a spatial cam-linkage mechanism that combines 3 RSSR
linkages with 3 planar cams to move a pen along a 3D trajectory
precomputed from the user’s 2D sketch. Although this cam-linkage
mechanism can generate a complicated 3D path, it has a complex
topology with 20 mechanical parts that are spread in the 3D space.
In contrast, our 3D cam-linkage mechanism has three advantages.
First, our mechanism has a simpler topology with 7 mechanical
parts only (i.e., 2 3D cams and 5 links). Second, our mechanism can
exactly generate a continuous 3D curve which is taken as a hard
constraint (see Equation 14) in our mechanism design approach
while the design approach in [Takahashi and Okuno 2018] aims
to minimize the pointwise distance between the generated path
and the input curve. Third, our mechanism can be generalized for
accomplishing more complex motion transfer tasks such as exact
3D rigid body guidance (see Figure 15). Compared with [Takahashi
and Okuno 2018], one limitation of our mechanism is fabricability.
Due to the complex geometry of the 3D cams, our mechanism can
be fabricated only by 3D printing with support materials while the
planar cams in [Takahashi and Okuno 2018] can be fabricated by
either support-free 3D printing or laser cutting.

3 PROBLEM AND OVERVIEW

Our problem is to model and design a 3D cam-linkage mechanism
that can exactly generate a user-specified path, driven by a single
actuator. The user-specified path is represented as a continuous
space curve, either open or closed, denoted as R(u), u € [0, 1]. The
input curve R(u) is not necessary to be smooth; i.e., R(u) can have a
finite number of C? points, denoted as {R(uy)}. In case R(u) is an
open curve with two endpoints p; and pz, we parameterize R(u) in
a way that R(0) = p1, R(0.5) = p2, and R(1) = p;. Obviously, both
R(0) and R(0.5) are C° points in the open curve. The input curve
R(u) can be prepared by users in different ways, e.g., creating 3D
parametric curves using 3D modeling tools or projecting 2D curves
onto a 3D surface; see Figure 3 for examples.

Besides exact path generation, the 3D cam-linkage mechanism
should also satisfy the following requirements related to topology,
fabrication, and kinematics:
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Fig. 3. Users can specify the target path in different ways: model (a) a closed
or (b) an open 3D parametric curve, or (c) project a 2D curve (e.g., a jigsaw
puzzle piece boundary) onto a 3D surface (e.g., a saddle surface). Note that
CY points in (a&b) are colored in pink.

(1) Simple mechanism. The mechanism should consist of as few
mechanical parts as possible.

(2) Lightweight mechanism. The size of each component part in the
mechanism should be as small as possible, to minimize the total
weight.

(3) Collision-free motion. There is no collision among the mechanical
parts during their motion. This also implies that each part motion
should be within the range allowed by the mechanical joints.

(4) Singularity-free motion. The mechanism’s motion should always
remain a safe distance away from singularities of the spatial
linkage.

(5) Smooth motion. The acceleration of the mechanical parts should
be as low as possible to ensure smooth motion, assuming the
input motion is a uniform rotation.

Overview of our approach. In Section 4, we study topologies of the
3D cam-linkage mechanism such that it can perform exact 3D path
generation with a minimal number of mechanical parts. We propose
a unified method to parameterize the geometry of the mechanism, as
well as formulate analytical equations for modeling the kinematics
of the mechanism. Taking the mechanism modeling as a founda-
tion, Section 5 addresses the problem of designing 3D cam-linkage
mechanisms for exact 3D path generation. We formulate the design
problem as an optimization to search for an optimal topology and
geometry of a 3D cam-linkage mechanism that can satisfy our de-
sign requirements. We also propose an optimization solver method
that can explore the large design space efficiently.

4 MODELING 3D CAM-LINKAGE MECHANISM

This section presents our approach to modeling the 3D cam-linkage
mechanism’s topology, geometry, and kinematics, respectively.

4.1 Topology Modeling

Two essential components in our 3D cam-linkage mechanisms are
spatial linkages and 3D cams. Spatial linkages are necessary since
they are the primary mechanisms for 3D path generation. The sim-
plest spatial linkages are 4-bar and 5-bar linkages. We choose a 5-bar
spatial linkage for our mechanism, and explain why a 4-bar spatial
linkage is insufficient for our goal in the supplementary material.
To enable exact 3D path generation, our 5-bar spatial linkage should
have 3 DOFs. Rather than controlling the linkage’s 3 DOFs using
3 independent actuators, we propose to use 3D cams [Cheng et al.
2021] to control the linkage motion, aiming to reduce the whole
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Fig. 4. An illustration of our 3D cam-linkage mechanism, which consists
of five links {L; }, five link joints {Ji }, two 3D cams {C;}, two cam joints
{Bj}, one end-effector point p., and a support structure (in grey).

mechanism’s DOFs from 3 to 1 such that it can be driven by a single
actuator; see Figure 4. Note that planar cams are unable to accom-
plish this task since they can only transfer 1-DOF motion to another
1-DOF motion.

Our 5-bar spatial linkage consists of five links connected by five
joints, denoted as {L;} and {Ji}, 1 < i,k < 5, respectively. Among
the five links, Ls is the fixed one, and the two links connected
with Ls are L1 and Ly4. Links Ls and L; are connected by joint J;
while links Ls and L4 are connected by joint J5; see Figure 4. We
consider joints J; and J5 as active joints in the 5-bar linkage while
the other joints (i.e., J2, J3, J4) as passive joints. Since the linkage
has 3 DOFs, we assume that the active joint J; has 2 DOFs and the
active joint J5 has 1 DOF, without loss of generality. To reduce the
mechanism’s DOFs from 3 to 1, we use two 3D cams, denoted as
{Cj}, 1 < j < 2, to control the motion of the two active joints,
respectively. We intentionally make the two 3D cams C; and C»
co-axis such that they can be driven by a single actuator directly,
without using additional mechanical parts such as gears; see Figure 4.
More specifically, we use cam C; to control 2-DOF motion of joint J;
and use cam Cy to control 1-DOF motion of joint J5. By this, C1, Ji,
and L as well as Cy, J5, and L4 form two cam-follower mechanisms
denoted as C; —L1 and Cy — L4, respectively. The cam-follower joints
in C1 — Ly and Cy — Ly are denoted as By and By, respectively.

We call {Bj},1 < j < 2, cam joints,and {Ji }, 1 < k < 5, link joints.
Each cam joint B; is always a ball-move-in-groove joint proposed
in [Cheng et al. 2021]; see Figure 2 (left). Each link joint J; can only
be a commonly used mechanical joint (ie., R, P, C, U, and S joints)
to satisfy our simple mechanism requirement. Table 1 shows the
geometry, name, and allowed motion for each of these link joints.
Since the active joint J; has 2-DOF motion while the active joint
J5 has 1-DOF motion, joint J; can only be {C, U} while joint J5 can
only be {R, P} according to Table 1.

We have determined candidates for the two active joints J; and J5
in the 5-bar linkage. However, there are still three passive joints (i.e.,
J2, J5, and Js) remaining in the linkage. The DOFs fi. of each joint
Ji in the 5-bar linkage should satisfy the mobility formula [Uicker
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Table 1. Link joints used in our 3D cam-linkage mechanism and their al-
lowed degrees of freedom s, among which «, §, and y are the rotation
angles while d is the translation distance. Note that d is the maximum
translation distance allowed by P and C joints.

Joint name |Abbrev.| Motion vy Sk Motion Range
¥ Revolute joint R th?:n Rotation axis a a € [-180°,180°)
o
= Prismatic joint | P 1-DOF | o nslation axis|  d delo,d]
J Translation '
1-DOF
\ Cylindricaljoint| ¢ | Ro@ton+ | Rotation& . «e [~180°,180°]
=) v : 1-DOF | translation axis = % de[o,d)
Translation
Axis of o o
) . 2-DOF a € [-45°,45]
Universal joint U . not allowed [a,B] 1an® o,
Rotation 1-DOF rotation B €[-180,180]
a € [-45, 457]
Spherical joint | S R?’c;zfi):n [a.B,y] B €[-180°,180"]
y € [-45°, 457
et al. 2016]:
K
M=6(N-1-K)+ E fr (1)
k=1

where M = 3 is the linkage’s DOFs, N = 5 is the number of links,
and K = 5 is the number of link joints. Recall that f; = 2 and f5 = 1.
Substituting the values of M, N, K, fi and f5 into Equation 1, we
have:
fotfs+fa=6 @)
We enumerate all possible combinations of link joints in Table 1
that satisfy Equation 2, and find that the total number of combina-
tions is 128; please refer to the supplementary material for details.
Each combination of the link joints (e.g., J1 J2 3 J4J5s =URSUR) defines
a unique topology of the 3D cam-linkage mechanism. Hence, we
have 128 different topologies of the 3D cam-linkage mechanism. To
compare these topologies, we conducted an experiment and found
that P and C joints typically result in L-shaped links and a larger
motion envelope of the linkage, which violates our requirement on
a lightweight mechanism; see Section 6 and Figure 9. Hence, we
only use mechanism topologies without P or C joints for exact 3D
path generation in this paper. There are 7 such topologies in total,
i.e., URSUR, URUSR, USRUR, USURR, UUSRR, UURSR, UUUUR; see
Figure 5 for examples.

4.2  Geometry Modeling

Our 3D cam-linkage mechanism consists of five different kinds
of components. Below, we describe our approach to modeling the
geometry for each kind of component:

i) Link joints. Table 1 shows five different types of link joints used in
our mechanism, i.e., R, P, C, U, and S joints, as well as their geometry
and allowed degrees of freedom sj.. Note that the U joint is actually
a modified S joint that removes 1-DOF rotation by inserting two
pins in the S joint. Each of the R, P, C, and U joints is associated
with a 3D axis, denoted as vy; see Table 1 for the meaning of vy.
The geometry of each link joint defines the allowed range of relative
motion between the two associated links. Due to the fabrication



constraint, both U and S joints can support [—180°, 180°] rotation
around the spinning axis and [-45°, 45°] rotation for each of the
other rotation axes. The maximum translation distance d allowed
by the P and C joints is defined by the length of the joint and the
associated link.

ii) Cam joints. Each cam joint is modeled as a ball-move-in-groove
joint, which allows 4-DOF motion of the follower relative to the
cam (i.e., 3-DOF rotation and 1-DOF translation along the cam
groove); see Figure 2 (left). The joint geometry is parameterized by
the 3D cam’s pitch curve denoted as Q; and the follower ball radius
r [Cheng et al. 2021].

iii) Links. Among the five links, Ls is a fixed link; L1 and Ly are
driven by the active joints J; and J5 respectively, called active links;
and Ly and L3 are driven by the passive joints J», J3, and Jy, called
passive links. Each active/passive link is modeled as a bar (with a
circular cross-section) that connects two neighboring link joints
(e.g., Ly connects J» and J5) or two neighboring link joints as well
as a cam joint (e.g., L1 connects Ji, Jo, and Bj); see Figure 4. The
shape of each link is not necessary to be always a straight bar. To
avoid collision when transferring motion, we model the centerline
of each passive link as a polyline with three line segments, among
which the middle segment is usually the longest one. The centerline
of each active link has three more line segments for connecting the
cam joint; see Figure 5 for examples.

iv) End-effector. To output 3-DOF motion, the end-effector has to be
put on the passive link Ly or L3 since the active links L; and L4 can
only output 2-DOF and 1-DOF motion, respectively. Without loss
of generality, we always put the end-effector on the passive link Lj.
The geometry of the end-effector is modeled as a bar extended from
the link Ly. The point on the end-effector for generating a path is
called the end-effector point and denoted as p; see Figure 4.

v) 3D cams. The 3D cam geometry is modeled as a watertight
surface that holds the cam joint following the approach in [Cheng
et al. 2021]. One modification that we make is to remove some
unnecessary volume of the 3D cam to make it more lightweight;
compare Figures 5 and 2.

vi) Support. The support of our 3D cam-linkage mechanism is a
structure that holds the common rotation axis of the two 3D cams
as well as the fixed link Ls. We model the support structure in
two different ways: a baseboard with three supporting pillars for
visualizing the mechanism (see Figure 1) or a box frame that encloses
the 3D cams for fabricating the mechanism (see Figure 12).

4.3 Kinematic Modeling

In this section, we first describe our approach to modeling the
kinematics of the 5-bar spatial linkage, considering joints J; and
J5 as active joints; see Section 4.3.1. In Section 4.3.2, we model the
kinematics of the 3D cam-linkage mechanism by considering it as a
composition of the 5-bar spatial linkage (i.e., L1L2L3L4Ls) and two
cam-follower mechanisms (i.e., C; — L1, C2 — Ly).

We define a local coordinate system for our 3D cam-linkage mech-
anism, where the origin is at the center of joint J;, the x-axis points
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Fig. 5. Three example topologies of our 3D cam-linkage mechanism.

toward the center of joint J5, and the y-axis points toward the cen-
ter of joint J, (and is perpendicular to x-axis) in the mechanism’s
initial configuration; see Figure 4. Variables for kinematic modeling
of the mechanism are all defined in this coordinate system, unless
otherwise specified.

4.3.1 Kinematics of 5-bar Spatial Linkage. We model both forward
kinematics (FK) and inverse kinematics (IK) of the 5-bar spatial
linkage, and perform singularity analysis.

Forward kinematics. Forward kinematics of a linkage aims to
determine the linkage’s state for given actuation parameters. The
state s of a linkage is defined through its time-varying joint angles,
ie,s = [s1(t),s2(t),...,sx(t)]; see Table 1 for details. Note that
we consider the translation distance d of the P and C joints as a
generalized joint angle, to simplify the terminology. The actuation
parameters of our 5-bar spatial linkage are the angles of active joints
J1 and Js5, i.e., s1 and s5. The forward kinematics of the linkage can
be expressed as the following motion transfer function:

[s2, 53, 54] = flinkage([s1, 85]) ®3)

Assuming the linkage’s initial state § = s(0) is known and valid,
the constraint on the state s at time ¢ enforced by the single loop in
our 5-bar spatial linkage can be formulated as (see also Figure 6):

Cr(s1,82,53,54,85) = 0 o)

where Cp, is a column vector with 12 elements. Please refer to the
appendix for details about computing the constraint Cy. Given the
known actuation parameters s and s5, we can then solve for the un-
known passive joint angles [sz, s2, s3] of the linkage by minimizing
a non-linear least squares problem:

min C[Cy %)

We solve the optimization problem using a gradient-based method,
e.g., Levenberg-Marquardt algorithm.

Once we compute the kinematic equation fljiage(*), the end-
effector point position p(t) on link Ly at time ¢ can be calculated
using:

Pe(t) = M, (t) pe, £ €[0,T] (6)
where My, () is the transformation of link L, at time ¢ (see the
appendix for details), Mp,(0) = I, and pe = pe(0). When the active
joints J; and J5 move for a whole period T, the trajectory of the
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Fig. 6. Our 5-bar spatial linkage in (left) the initial state at time ¢ = 0 and
(right) the current state at time ¢.

end-effector point p.(¢) is the path generated by the 5-bar linkage
denoted as B(t); see Figure 6 (right).

Inverse kinematics. The goal of inverse kinematics is to determine
the linkage’s state s (i.e., both passive and active joint angles) that
can generate each point on a given path R(u), u € [0, 1]. Starting
from the known initial state §, we determine a unique state s(t)
iteratively by formulating the following optimization problem:

msin |Is(t) — s(t — At)]|

st. Clcp=o, )
ML, (t) pe = R(x)

where At is a small time duration in the motion period T (At =
T/1000 in our experiments). Note that a valid solution s can always
be found by our optimization as long as the path R(u) is in the
reachable space of the linkage’s end-effector, since our 5-bar linkage
has 3 DOFs. In practice, we usually do not know whether a given
path R(u) is in the reachable space of the linkage’s end-effector or
not. To handle this case, we use a gradient-based method to solve
the dual problem instead:

min lICLII® + IML, pe — RI? (8)

Starting from the initial state §, we set s(t) = s(t — At), for t € [0, T},
as the initial value of s(t), and then use a gradient-based method to
find the optimal value of s(¢). In case that our method fails to find
a solution for Equation 8, it means that the 5-bar linkage cannot
reach the point R(u).

Singularity analysis. We analyze FK singularities of the linkage
following the approach in [Gosselin and Angeles 1990]. Differen-
tiating Equation 4 with respect to time ¢ leads to the relationship
between the input and output speeds as follows:

A [82,83,84] + B [51,85] = 0

where A = % is the FK Jacobian matrix. The minimal singu-
lar value oyin(A) represents the distance from the linkage state s(t)
to the FK singularities.

We define the IK Jacobian matrix as J = %

1,52,83,84,85]

Cix = [Cr, (M, pe —R)] according to Equation 7. Condition number
k(J) describes the distance from the linkage state s(t) to the IK
singularities [Merlet 2006; Yoshikawa 1985]. Based on the implicit
function theorem, x(J) quantifies smoothness of the linkage motion.

where
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4.3.2  Kinematics of Cam-Linkage Mechanism. In our 3D cam-linkage
mechanism, the two active joints angles s; and s5 of the 5-bar linkage
is actually the output motion of the two cam-follower mechanisms
C1 — Ly and Cy — Ly, respectively. Hence, the 3D cam-linkage mech-
anism’s forward kinematics can be obtained by composing those of
the 5-bar linkage and the two cam-follower mechanisms.

The motion transfer equation of the two cam-follower mecha-
nisms can be written as:

s1 = feam1(0), )

S5 = fcam2(9) (10)

where 0 is the rotation angle of the single actuator. We compute the
two motion transfer functions fcami(+) and fcamz(-) following the
approach in [Cheng et al. 2021]. Combing Equations 3, 9, and 10, we
obtain the motion transfer function of our 3D cam-linkage mecha-
nism:

[Sl, $2, 83, 84, S5] = fmech(g) (11)

where f;,ech(+) is a composition function of flinkage(')’ feami(+), and
fcamz(')'

5 DESIGNING 3D CAM-LINKAGE MECHANISM

This section presents our approach to designing 3D cam-linkage
mechanisms that satisfy the high-level requirements in Section 3.
We formulate the design problem as an optimization in Section 5.1
and then present our method to solve the optimization in Section 5.2.

5.1 Optimization Formulation

Taking a user-specified continuous space curve R(u),u € [0,1]
defined in the world space as input, we aim to design a 3D cam-
linkage mechanism whose end-effector point p. can generate a
path that is exactly the same as the curve R(u). We assume that the
position and orientation of the mechanism in the world space have
been specified by users, represented as a matrix Typech.

Search space. Our search space includes both the topology and
geometry of the 3D cam-linkage mechanism. The topology search
space is the 7 topologies introduced in Section 4.1, denoted as {G;}.
The geometry search space is the parameters that define the 3D cam-
linkage mechanism’s geometry in the mechanism’s local coordinate
system. We classify these parameters into two classes: kinematic-
related parameters that determine motion of the mechanism, and
fabrication-related parameters that affect only fabrication but not mo-
tion of the mechanism. The kinematic-related parameters, denoted
as ¥ include:

(1) {x£(0)}, 1 < k < 5 that defines the position and orientation of
each link joint Ji in the initial state of the mechanism at ¢ = 0.

(2) {Qj(w)}, w € [0,1], 1 < j < 2 that defines the pitch curve of
each 3D cam C;. Q;(w) is modeled as a cubic spline where Q;(0)
represents the position of the cam joint B; at t = 0.

The fabrication-related parameters include geometric parameters of
each link joint (e.g., radius of S and U joints), follower ball radius r in
each cam joint, centerline of each link, radius of each link’s circular
cross-section, as well as geometric parameters of the support struc-
ture. The fabrication-related parameters are either predefined or
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Fig. 7. Our approach to solving the 3D cam-linkage mechanism design problem, assuming a fixed topology. (a) Given a user-specified 3D curve, we first (b)
initialize a set of 5-bar linkage candidates {L; } and then (c) compute the inverse kinematics for each linkage L; to determine the linkage state s;(). (d) For
each linkage candidate with valid IK, we compute the geometry Q; and Q3 of the two 3D cams based on the two joint angles s1(¢) and s5(t), respectively. (e)
Our output is an optimal cam-linkage design that satisfies all the constraints and minimizes the objective function in Section 5.1.

calculated as post-processing after the kinematic-related parameters
have been determined.

To quantify a mechanism design, we have to simulate the mecha-
nism’s forward kinematics for a whole motion period T. Hence, we
also need to determine the joint angle parameters s(t) = [s1(¢), s2(t),
s3(t), s4(t), s5(t)], t € [0, T] by computing the motion transfer func-
tion in Equation 11. Without loss of generality, we assume the
actuator rotates with a constant angular speed w at any time t, i.e.,
0(t) = wt, when simulating the mechanism’s kinematics.

Objective function. Our mechanism design problem is formulated
as minimizing the following objective function:

E(‘I’) = AlEsmth(‘P) + AZEweig(ql) + ASElink(‘P) (12)

with Egmn = maxielo,T] k(J) .
2 5
Eveig = ,Len(Qj(w))+ ) Len(Ly),
j=1 i=1
5
and By = 4| ) (Len(Li) = L)?,
i=1

where Egyyy, measures the smoothness of the linkage motion, Eyeig
approximates the mechanism’s weight based on the length of each
pitch curve Q;(w) and the length of each link L;, Ej;y is the standard
deviation of the five links’ lengths, L is the average length of the
five links in the linkage, and A1, A2, and A3 are weights of the three
energy terms. We set A1 = 5, 42 = 1, and A3 = 10 in our experiments
to balance the impact of the three energy terms.

As mentioned in Section 4.2, there are two kinds of links: {Ly, L3, L5}

that connect two link joints, and {L1, L4} that connect two link
joints and one cam joint. Denote X as the positional component
of x;.(0). We approximate the length of each link L; in {Ly, L3, L5}
as ||Xq — Xp ||, where X4 and X, are the positions of the two joints
connected by link L;. We approximate the length of each link L; in
{L1,La} as [IXq — Xp || + [IXp — Q;(0)]I.

Constraints. We formulate various constraints related to kinemat-
ics and fabrication as follows.

(1) Linkage kinematics. According to Equation 4, the 5-bar linkage
should satisfy the following constraint to ensure validity of its

kinematics:
C(s(t){ C(s(t) =0, te[o,T] (13)

(2) Exact path generation. The end-effector’s trajectory B(¢) should
be exactly the same as the input curve R(u):

Tomech B(t) = Rw), t€[0,T], uelo,1] (14)

where the left-hand side is the actual trajectory of the end-
effector point p, in the world space.

For each C° point R(uy,) in the input curve, the end-effector’s
speed when passing the point has to be zero. To this end, the two
active joint angles s; and ss that drive the 5-bar linkage should
have zero gradient (i.e., zero angular speed) at this moment:

foam1(Oh) = S1.hs Loam1 (Bn) = 0
foam2(0h) = 5.1 Loama(B) = 0

where s; 5, S5 ;,, and 0, are the joint angle sy, joint angle s5, and

(15)

actuator rotation angle 8 when the end-effector passes the C°
point R(uy,), respectively.

(3) Singularity-free motion. The minimal distance of the mechanism
to FK singularities during a whole motion period T should be
larger than a threshold p:

min (opin(A) ) 2 4, (16)
t€l0,T]

where p = 0.01 in our experiments.

Collision-free motion. To ensure collision-free motion, we require
that link joints should not be too close to one another during
any time t:

(4

=

Dist(kp(t), %,(1) >1, 1<k<I<5 te[0,T]  (17)

where 7 is the allowed minimal distance between any pair of the
link joints. We set 7 = 6r empirically in our experiments, where
r is the radius of the follower ball in the cam joint. Thanks to
the distance constraints on the link joints, link-link collision can
be avoided by varying the links’ shape as a post-process.

We avoid collision between the linkage (i.e., passive links) and
the fixed link Ls (i.e., support) by requiring:

x/(t)>7/2, 2<k<4 te[0,T] (18)
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where iZ(t) is the y-coordinate of X () in the mechanism’s
local coordinate system. We avoid collision between the two 3D
cams by requiring:

dist(Q1, Q2 ) > 7 (19)
We avoid collision between each 3D cam and the fixed link Ls
by requiring:
f(g - (MR(O(1)) Qj(w))Y > /2, 1<j<2,t€[0,T], welo0,1]
(20)
where Mg(6(t)) is the actuator’s rotation matrix at time ¢.
(5) Link joint angles. The joint angle of each link joint should be
within a valid range:

sc()€Q) 1<k<5 telo0T] (1)

where Q) is the set of valid joint angles defined for the joint
type [ in Table 1.

(6) Smooth cam groove. The pitch curve Q;(w) should be closed and
smooth such that the resulting cam groove allows the follower
ball to move periodically and smoothly in it:

piw)>{r, 1<j<2 welo,1] (22)

where pj(w) is the radius of curvature of Q;j(w), r is the fol-
lower ball radius, and { is a coefficient typically set as 1.2 in our
experiments.

5.2 Optimization Solver

Our optimization problem in Section 5.1 is challenging to solve. First,
the search space is large, including mechanism topologies {G;},
linkage parameters {x;(0)}, and cam pitch curves {Q;}. Second,
there are a large number of constraints, some of which are non-
convex such as collision-free motion and range of link joint angles.

To address the above challenges, our observation is that the search
space is dominated by the cam pitch curves {Q;} while the mech-
anism topologies {G;} and linkage parameters {x;(0)} have a rel-
atively low dimension. Hence, our idea is to divide our problem
into two sub-problems by considering our 3D cam-linkage mech-
anism as a composition of two 3D cam-follower mechanisms and
a 3-DOF 5-bar linkage; see Figure 7. The first sub-problem is to
compute the pitch curves {Q;} while fixing the mechanism topol-
ogy Gy and linkage parameters {x(0)}, which can be addressed by
optimizing the two 3D cam-follower mechanisms using the method
in [Cheng et al. 2021]. The second sub-problem is to explore differ-
ent mechanism topologies G; and linkage parameters {x(0)}. Since
the search space is relatively small, we can enumerate all possible
mechanism topologies {G;} and explore the linkage parameters
{xr(0)} by using an evolutionary algorithm.

In detail, for each given topology G;, we first use the Particle
Swarm Optimization (PSO) [Kennedy and Eberhart 1995] to ran-
domly initialize N (N = 40 in our experiments) particles, where each
particle represents the kinematic-related geometric parameters W’
of a 3D cam-linkage mechanism M’. In particular, we only initialize
the linkage parameters x! = {x;c (0)} for each particle ¥* and the cor-
responding pitch curves {Q;} are computed by optimizing the two
3D cam-follower mechanisms. In detail, we first solve the inverse
kinematics problem in Equation 8 for the 3-DOF spatial linkage to
obtain the joint angles s'(t) = [si(t), sé(t), sé(t), si(t), sg(t)], where
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Algorithm 1 Algorithm to solve the 3D cam-linkage mechanism
design problem, taking a user-specified curve R(u) as an input.

1: function DESIGNMECHANISM(R(u))
2: Goptim —0
3 for each topology G; do

> Initialize N particles

4: ‘I’list —0

5: fori=0;i <N;i++do

6: x! = {x}((O)} « initialize linkage parameters with
topology G;

7: Qi — 0

8: Q, 0

9: v~ {x', 01, Q;}

10: Wi;¢.push_back( ¥*)

11 yoptim ¢

12: for itr = 0; itr < itryay; itr + + do

> Evaluate N particles

13: for each particle ¥* € Wy do

14: s'(t) « solve IK in Eq. 8 with R(u) as the input

15: r’.push_back ( residuals of Eq. 13 and 14 )

16: Q; « optimize cam-follower C; —L; to minimize
Len(Qi) subject to the follower motion si(t), Eq. 15, 20 and 22.

17: Q; « optimize cam-follower C3— L4 to minimize
Len(Qé) subject to the follower motion sé(t), Eq. 15, 20 and 22.

18: ri.push_back (residuals of Eq. 16, 17, 18, 19, 21)

19: N(¥') « [Ir'[lo

20: S(¥') — [Ir'llx

21: E(¥') « evaluate W' using Eq. 12

22: [Goptim woptim 7 . . Emin] < record the

best candidate and its three metrics

> Move N particles

23: for each particle ¥ € W};; do
24 Update linkage parameters x* in ¥*
25: Construct a mechanism M°Ptim using [Goptim yoptim]

return M°PH™

t € [0,T] . Since the active joint angles [si(t), s;(t)] are actually the
output motions of the two cam-follower mechanisms C; — L1 and
Cy — Ly respectively, we compute the pitch curve Qi (Qé) of 3D cam
C1 (Cz) by optimizing C; — Ly (C2 — L4) independently using the
method in [Cheng et al. 2021]. By this, we obtain all the parameters
wi = (xi, Qi, Qé} of the cam-linkage mechanism M.

To evaluate each particle Wi we check whether it satisfies the
constraints listed in Section 5.1, and compute the corresponding
residual !, where ri = 0 if the k-th constraint in Section 5.1 is
satisfied by the particle . For constraints related to motion, we
compute the residual by discretizing the whole motion cycle T into
60 samples. We evaluate the particle ¥ using three metrics: the
number of unsatisfied constraints ! N(¥!) = ||r!|o, the sum of

1A constraint is considered as being satisfied if the residual is less than an epsilon 1078,
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Fig. 8. Our 3D cam-linkage mechanism exactly generates a 3D path with
a variety of shapes: (a) BEZIER CURVE, (b) CHAIR, (c) PuzzLE PIECE, and (d)
CoNIcAL RosE.

residual of the constraints S(¥!) = ||r!||;, and the objective func-
tion E(¥') in Equation 12. We consider a particle ¥ is better than
another one W/ if one of the following condition is satisfied:

(1) N(¥%) < N(W/)
(2) N(¥) = N(W) >0 & S(¥) < S(¥/)
(3) N(¥¥) = N(W) =0 & E(¥)) < E(¥/)

We choose the above criteria since initially many particles do not
satisfy all the constraints in Section 5.1 and we want to identify and
keep particles that satisfy more constraints.

To move the particles in the search space, we set the learning
rate to 1 and the acceleration coefficient to 2. The inertia coeffi-
cient is linearly decreased from 0.9 to 0.4. We repeat the above
PSO algorithm for each topology in {G;} to determine the optimal
parameters [GOPH™, WOPHM] which will be used to construct the

optimal mechanism M°PH™: see Algorithm 1 for details.

6 RESULTS

We implemented our tool in C++ and libigl [Jacobson et al. 2018]
on a desktop computer with a 3.7GHz CPU and 16GB memory. Fig-
ure 8 shows that our 3D cam-linkage mechanism is able to exactly
generate a wide variety of curves, including an open BEZIER curve
with two C? points (i.e., two endpoints), a closed CHAIR curve with
ten C° points, a PuzzLE PIECE curve projected onto a saddle surface,
and a famous parametric curve CoNICAL Rosk. Table 2 provides
statistics of all the results shown in the paper, including the mecha-
nism topology, values of the three energy terms, and time taken to
optimize each mechanism. Please refer to the accompanying video
for demos of the mechanisms and the supplementary material for
equations of the input parametric curves.
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Fig. 9. Evaluating different topologies of our 3D cam-linkage mechanism
with (a) 0, (b) 1, (c) 2, or (d) 3 P or C joint(s), highlighted with red arrows.

Evaluation of mechanism topologies. Since there are 128 valid
topologies for our 3D cam-linkage mechanism, we want to know
which topologies can lead to a more usable mechanism. Our conjec-
ture is that 3D cam-linkage mechanisms with fewer P or C joints
would be more usable since translational motion allowed by P and C
joints makes the link with L-like shape, significantly increasing the
linkage’s motion envelope. To verify this conjecture, we conducted
an experiment to compare 3D cam-linkage mechanisms with differ-
ent numbers of P or C joint(s). Taking the same curve as an input,
we run our design algorithm to generate the path while restricting

Table 2. Statistics of the results shown in this paper.

Fig Curve Topology Esmth Eveig Eijink ToO: z:llr:éy Ti gstg.in)
1 Trefoil Knot USURR 12.9 522.7 8.2 Yes 47.8
7 Pancake USRUR 14.3 475.6 2.6 Yes 30.3

Bézier curve USURR 12.5 409.3 10.7 Yes 37.9

Chair USRUR 14.6 546.3 5.2 Yes 42.7

¢ Puzzle Piece USURR 14.9 583.0 2.8 Yes 53.6

Conical Rose UURSR 15.6 617.6 14.9 Yes 57.8

Hyperbolic Boundary USRUR 14.3 393.1 9.9 No 14.0

Hyperbolic Boundary USRCR 19.6 458.8 13.9 No 12.7

° Hyperbolic Boundary USCPR 18.1 535.5 11.4 No 14.6

Hyperbolic Boundary CSRCP 44.8 784.0 18.9 No 20.4

10 [ AP |y copoin|  USRUR | 129 | se2s | 74 No 13.2
Curve

2 C° Points USRUR 15.8 580.3 1.8 Yes 345

Arbitrary | 7 C° Points | USURR 185 | 6728 2.1 Yes 47.7

" Curve |15 ¢° points USRUR 13.1 1441.9 8.9 Yes 52.5

17 C° Points USRUR 15.9 1672.9 16.3 Yes 49.0

12 Tennis Ball Seam URSUR 12.6 483.6 2.7 Yes 46.4
13 Heart URSUR 16.2 463.9 1.4 Yes 39.9
14 Manipulation Path USRUR 15.7 508.1 8.3 Yes 44.9

ACM Trans. Graph., Vol. 41, No. 6, Article 225. Publication date: December 2022.
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Fig. 10. Generating a 3D path with arbitrary shape and a finite number
of C° points. (a) Compute a continuous and volumetric portion of a 3-
DOF 5-bar spatial linkage’s output motion space that is collision-free and
singularity-free; (b) transform the linkage such that its output motion space
fully covers the input curve; (c) compute the geometry of the two 3D cams;
and (d) optimize the geometry of the 3D cam-linkage mechanism.

the topology to have 0, 1, 2, and 3 P or C joint(s), respectively. Fig-
ure 9(a-d) shows that the more P or C joints in the 5-bar linkage,
the larger the motion envelope of the linkage, where the motion
envelope size is in the ratio of 1:1.181 : 1.208 : 1.793.

Generating a 3D path with arbitrary shape. In this experiment,
we demonstrate that our 3D cam-linkage mechanism is able to ex-
actly generate a continuous 3D curve with arbitrary shape and a
finite number of C® points. The exactness of 3D path generation
means that the distance between each sample point (1000 sample
points in our experiments) on the generated path and the target
path represented as a parametric curve is less than a floating point
epsilon (equals 1078 in our experiments). Without loss of generality,
we choose a 3-DOF 5-bar spatial linkage with topology USRUR. We
choose the linkage’s geometry in a way that there is a continuous
and volumetric portion ® of the linkage’s output motion space that
is singularity-free and collision-free, where the volumetric portion is
computed using a sampling-based approach; see Figure 10(a). Next,
we model a 3D curve R(u) with arbitrary shape by moving a particle
with random acceleration in a fixed sphere, where C? points are
introduced in the curve by changing the particle’s current velocity
(integrated from the acceleration) to a random velocity with different
direction. We transform (i.e., translate, rotate, and scale) the 5-bar
linkage such that its motion space ® can fully cover the curve R(u);
see Figure 10(b). By this, all the design constraints related to the
spatial linkage (i.e., Equations 13, 14, 16, 17, 18, 21) have been satis-
fied. The geometry of each 3D cam C; (Cz) can be further generated
according to the active joint angle s1(¢) (s5()) calculated from the
linkage’s inverse kinematics; see Figure 10(c). According to [Cheng
et al. 2021], we can always find such a 3D cam that satisfies the
constraints of Equations 15, 20, and 22. To ensure the collision-free
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Fig. 11. The mechanism volume (top) and variance of normalized link length
(middle) for generating 20 3D paths with increasing shape complexity, as
well as four example input curves and corresponding mechanisms (bottom).

constraint between the two 3D cams (i.e., Equation 19), we require a
sufficient distance between the two active link joints J; and J5 along
the x-axis when choosing the linkage’s geometry; see again Fig-
ure 4. Figure 10(c) shows the resulting 3D cam-linkage mechanism
for generating the input curve with arbitrary shape and 11 C° points.
We further optimize the 3D cam-linkage mechanism’s geometry
to reduce its weight and smooth its motion (i.e., Equation 12); see
Figure 10(d). Please refer to the supplementary material for more
details about this experiment.

Generating 3D paths with varying shape complexity. We conduct a
quantitative experiment to evaluate the impact of the input curve’s
shape complexity on our designed 3D cam-linkage mechanism. In
detail, we model 20 continuous, closed curves {Ri}, 1 < k < 20
with increasing shape complexity using the particle-based method
mentioned above, where Length(Ry, ) = 1.1 - Length(Rg) and Ry
has k—1 C° points. Taking each curve Ry, as an input, we design a 3D
cam-linkage mechanism using the optimization method in Section 5.
Figure 11 shows the total volume (excluding the support structure)
and the variance of normalized link length of each mechanism
when the shape complexity of the input curve is increasing. We can
see that generating a curve with more complex shape requires a
mechanism with a larger volume since two larger 3D cams (with a
longer pitch curve) are necessary to encode the input curve with
more complex shape. In addition, generating a more complex input
curve also results in a larger variance of normalized link length.
Please refer to the supplementary material for all the 20 input curves
and corresponding mechanisms.

Fabrication. To evaluate the kinematic performance of our mecha-
nism, we used our approach to design a 3D cam-linkage mechanism
that can generate a TENNIS BALL SEAM curve and fabricated it with
3D printing; see Figure 12. In detail, we 3D printed the 3D cams
and 5-bar linkage as a non-assembly, articulated model (i.e., a single
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Fig. 12. Evaluating the kinematic performance of our mechanism. (Top) Our
designed mechanism in front, side, and top views, respectively. (Bottom)
Corresponding views of our 3D printed prototype, where the generated
path is tracked on video images and visualized in yellow.

piece) using the Ultimaker S3 printer with Tough PLA material and
water-soluble PVA support material, where the link joint tolerance
is set as 0.5 mm and the cam joint tolerance is set as 0.3 mm. The
support structure is partitioned, 3D printed as multiple parts, and
then assembled with the single articulated piece of 3D cams and
5-bar linkage. We tracked the path generated by our 3D printed
mechanism using an image-based approach. Figure 12 compares our
design and the 3D printed prototype in front, side, and top views,
respectively. We can see that the 3D print matches the virtual design
very well, and the tracked curve is very close to the input curve in
all the three views. The discrepancy between the two curves can be
caused by several reasons including fabrication tolerance, material
deformation, and tracking inaccuracy, which can be reduced by
using a more precise manufacturing technique, tougher fabrication
material (e.g., steel), and a better curve tracking technique.

To verify that our 3D cam-linkage mechanism is able to generate
a path with C° points, we designed a mechanism that can draw a

Fig. 13. Evaluating the kinematic performance of our mechanism for gener-
ating a planar HEART curve with two C° points.

Fig. 14. Designing and fabricating a low-cost manipulator to perform a
pick-and-place task by using our 3D cam-linkage mechanism.

planar HEART curve with two C? points, 3D printed it using the
same 3D printer and settings as above, and tracked the generated
path using the image-based approach. Figure 13 shows that the
curve as well as its two C® points generated by the 3D printed
mechanism are very close to the virtual counterpart. Moreover, the
3D printed mechanism’s end-effector stops when passing each of
the two C° points even though the 3D cams rotate uniformly, which
is consistent with our kinematic simulation of the mechanism; see
the accompanying video for a demo. The reason that our 3D cam-
linkage mechanism is able to reproduce C° points in the prescribed
3D curve is that the two 3D cams (with a smooth groove) are able
to control the motion of the two driving links (i.e., followers) of the
5-bar linkage respectively such that both driving links have zero
speed when the end-effector is passing each C° point; see again
Equation 15.

We fabricated one more prototype to demonstrate that our mech-
anism can be used as a low-cost manipulator driven by a single
actuator to perform pick-and-place tasks repetitively; see Figure 14.
In this experiment, the task is to pick a box from the floor, manipu-
late the box, place it on a table, go back to pick another box, and so
on and so forth. The path is designed as a closed 3D spline curve
with two approximately straight segments for the mechanism’s end-
effector to pick and place the box, respectively. To avoid collision
between the end-effector and the box, we add one more energy term
in our optimization to approximately control the end-effector’s ori-
entation for 20 sampled points on the path segments when picking
and placing the box. Figure 14 compares three states between the
real manipulation process and the virtual counterpart, and we can
see that they all match each other very well.

Generalizing 3D cam-linkage for 3D motion generation. Our 3D
cam-linkage mechanism can be generalized for exact 3D motion
generation, which is a more complex motion transfer task than exact
3D path generation. To this end, we first design a 6-DOF 8-bar spatial
linkage and then reduce the linkage’s DOFs from 6 to 1 by composing
the linkage with three 3D cam-follower mechanisms. We extend
our approach in Section 5 to design the generalized mechanism,

ACM Trans. Graph., Vol. 41, No. 6, Article 225. Publication date: December 2022.
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Fig. 15. Generalizing our 3D cam-linkage mechanism for exact 3D motion
generation, which consists of three 3D cams and eight links.

where the user input is a continuous set of rigid transformations
represented as a continuous 3D path as well as a local frame for each
point on the path; see Figure 15 (left). We solve the design problem
by making two modifications on Algorithm 1. First, we fix instead of
searching for the topology of the generalized mechanism with eight
links and three cams. Second, we modify the IK solver to compute
the link joint angles of the 6-DOF 8-bar linkage according to the
prescribed positions and orientations of the end-effector. Figure 15
shows an example mechanism for 3D object manipulation. Different
from the manipulator in Figure 14, the generalized mechanism can
exactly control both the position and orientation of the object along
the whole path.

7 CONCLUSION

Exact 3D path generation is a fundamental yet challenging problem
in many fields such as mechanical engineering, manufacturing, and
robotics. To address this problem, we propose and study a new 3D
cam-linkage mechanism that consists of only seven mechanical
parts in this paper. A family of computational techniques has been
developed to model and design the 3D cam-linkage mechanism,
where the key idea is to consider the 3D cam-linkage mechanism as
a composition of two 3D cam-follower mechanisms and a 3-DOF
5-bar linkage. Our 3D cam-linkage mechanism has been evaluated in
many aspects including its topology, kinematics, ability to generate
3D paths with varying shape complexity, and a potential application
for 3D object manipulation.

Limitations and Future Work. Our work has several limitations
that open up interesting directions for future work. First, we do not
model the dynamics and friction of our 3D cam-linkage mechanism,
which will be useful for understanding how much workload the
end-effector can carry in practice, e.g., in the manipulation task.
Second, we do not study the role of backlash in our 3D cam-linkage
mechanisms; for example, even though our designed mechanism
stays away from singular configurations, the physical mechanism
could still get stuck due to backlash. Third, our 3D cam-linkage
mechanism currently has a fixed topology with two 3D cams and
five links. We consider developing a general algorithm to model and
design 3D cam-linkage mechanisms with m cams (e.g., m € {2, 3})
and n links (e.g., n € {5, 6,7, 8}) for 3D path/motion generation as
an interesting future work. Lastly, our mechanism currently only
has a single end-effector, limiting the tasks that it can accomplish.
To address this limitation, one possible way is to combine multiple

ACM Trans. Graph., Vol. 41, No. 6, Article 225. Publication date: December 2022.

3D cam-linkage mechanisms, possibly with other mechanical parts
such as non-circular gears [Xu et al. 2020], into a more powerful
yet more complex mechanism.
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APPENDIX

We describe how we formulate the constraint Cp, in Equation 4 for
our 5-bar spatial linkage. For each link L;, 1 < i < 5, we denote its
two neighboring links as Ly, and Lj, among which L; and L, are con-
nected by joint Ji. while L; and L; are connected by joint J; see the
inset. At time t, the pose of each link L; . )

can be calculated based on its neighboring ; s b
link’s pose and the corresponding joint an- (J s,

gle. For example, we calculate the link L;’s

pose My, (t) based on its neighboring link b
Lp’s pose M, (t) and the joint angle s (¢):
My, (1) = M} M(si(8) M{E My, (1) (23)

where M(sy(t)) is the matrix representation of the joint angle s (#),
My, (¢) represents the link Lj’s pose with respect to its center, and
M{’; is a constant matrix that represents a translation from the

joint Ji’s center to the link Lj,’s center. To simplify the notation, we
re-write Equation 23 as:

My, (t) = M(sg (1) M, (£) (29)
where M(sy(t)) = M;; M(s (£)) M{f; .

Since our 5-bar spatial linkage is a single loop of five joints, we
concatenate Equation 24 for every joint in the loop and get:

M(ss(£)) M(sa(t)) M(s3(1)) M(sa(t)) M(s1(2)) = T (25)
Hence, the constraint denoted as My, can be written as:
My = M(ss(1)) M(sa(t)) M(s3(1)) M(sa(t)) M(s1(t) =1= 0 (26)

We obtain the constraint Cp, by concatenating the 4 X 4 matrix M,
(ignoring the last row ) into a 12 X 1 column vector.

To calculate the matrix My, (¢) in Equation 6, we concatenate
Equation 24 for links 1 and 2, starting from the fixed link 5:

My, (£) = M(s2(1)) M(s1(t)) Mz, (27)
where M represents the pose of the fixed link Ls.
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