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A B S T R A C T

Positive airway pressure (PAP) therapy refers to sleep disordered breathing treatment
that uses a stream of compressed air to support the airway during sleep. Even though
the use of PAP therapy has been shown to be effective in improving the symptoms and
quality of life, many patients are intolerant of the treatment due to poor mask fit. In
this paper, our goal is to develop a computational approach for designing custom-fit
PAP masks such that they can achieve better mask fit performance in terms of mask
leakage and comfort. Our key observation is that a custom-fit PAP mask should fit a
patient’s face in its deformed state instead of in its rest state since the PAP mask cushion
undergoes notable deformation before reaching an equilibrium state during PAP therapy.
To this end, we compute the equilibrium state of a mask cushion using the finite element
method, and quantitatively measure the leakage and comfort of the mask cushion in this
state. We further optimize the mask cushion geometry to minimize the two measures
while ensuring that the cushion can be easily fabricated with molding. We demonstrate
the effectiveness of our computational approach on a variety of face models and different
types of PAP masks. Experimental results on real subjects show that our designed
custom-fit PAP masks are able to achieve better mask fit performance than a generic PAP
mask and custom-fit PAP masks designed by a state-of-the-art approach.

c© 2024 Elsevier B.V. All rights reserved.

1. Introduction

Sleep disordered breathing (SDB) refers to a wide spectrum of
sleep-related respiratory conditions including obstructive sleep
apnoea in which affected individuals experience recurrent airway
collapse during sleep. SDB is estimated to affect 1 billion peo-
ple worldwide [1]. Apart from causing daytime sleepiness and
impaired quality of life, SDB has been associated with adverse
cardiovascular outcomes. Positive Airway Pressure (PAP) ther-
apy has been the first line treatment for SDB. With PAP therapy,
the subject wears a PAP mask during sleep. A portable PAP
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machine gently blows pressurized room air into the subject’s
upper airway through a tube connected to the PAP mask. This
positive pressure airflow helps to keep the airway open, thus
allowing normal breathing [2].

Even though the use of PAP therapy has been shown to be
effective in improving the symptoms and quality of life, many
patients are intolerant of PAP treatment due to poor mask fit.
Currently, commercially available PAP masks (i.e., generic PAP
masks) come in standard sizes, which are insufficient given the
large variations in face shapes of patients. A poor mask fit can
result in mask leaks and patient discomfort, leading to poor
treatment tolerance and consequently poor compliance to PAP
therapy. A PAP mask that does not fit well usually causes the air
to leak, which reduces the efficiency of the therapy as the target
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Fig. 1: Given (a) the scanned face model of a subject, we develop an optimization-based approach to design (b&c) a PAP mask cushion that fits the face model. (d)
The designed mask cushion is fabricated and assembled with a generic mask frame to form a custom-fit PAP mask for practical use.

positive pressure within the upper airway cannot be maintained.
Many patients tend to over tighten their mask straps in an attempt
to compensate for ill-fitting masks that are leaking air, which
could lead to discomfort and sometimes skin excoriation on the
face.

To address the poor mask fit issue, a custom-fit PAP mask can
be modeled and fabricated to fit the specific shape of a patient’s
face. Since the mask cushion is the only part of the PAP mask
that contacts a human face, the custom-fit PAP mask is generally
modeled as an assembly of a personalized mask cushion and
the frame of a generic PAP mask, where the personalized mask
cushion is typically made with soft silicone material and the
generic mask frame is made with hard plastic material. Existing
works [3, 4] simply modeled the personalized mask cushion such
that the cushion in its rest state exactly matches the static face
model scanned for a patient. These works reported that their
custom-fit mask is more comfortable than a generic mask yet
there is no improvement on the air leakage.

Our key observation is that a custom-fit PAP mask should
fit a scanned face model in its deformed state instead of in its
rest state as the existing works [3, 4] do. This is because when
a patient wears a mask for PAP therapy, the mask straps have
to be tight enough to balance the pressurized air in the mask.
The forces applied by the mask straps make the mask cushion
undergo notable deformation before reaching an equilibrium
state. A patient feels less leakage and comfortable only if the
PAP mask in the equilibrium state fits the patient’s face well.
However, designing such a custom-fit PAP mask is non-trivial
since it requires computing the deformed shape of the mask
cushion in the equilibrium state, evaluating the mask cushion
in term of leakage and comfort in the equilibrium state, and
optimizing the mask cushion’s geometry such that it can achieve
better mask fit performance.

Given the face model of a subject, our goal is to develop a
computational approach for designing and fabricating a person-
alized mask cushion that fits the subject’s face model, aiming
to achieve better mask fit performance in terms of leakage and
comfort. Our idea is to model and parameterize the mask cush-
ion’s geometry as a swept surface (Section 3). This simple yet
powerful geometry representation not only facilitates tetrahe-
dralization of the cushion for the Finite Element Method (FEM)

simulation and makes the simulation differentiable but also de-
fines an appropriate search space for our optimization-based
design process. Specifically, we make the following technical
contributions to address the above challenges:

• We compute an equilibrium state of the mask cushion by
simulating the virtual mask-face fitting with FEM and propose
quantitative measures on mask leakage and comfort for the
cushion in this state (Section 4).

• We optimize the geometry of the mask cushion to minimize
our measures on leakage and comfort computed from the
FEM simulation while ensuring that the cushion can be easily
fabricated by molding with silicone material (Section 5).

We demonstrate the effectiveness of our computational ap-
proach on face models with a variety of shapes and PAP masks
of different types; see Figure 1 for an example. We conducted a
user study to compare our designed custom-fit PAP masks with
a generic PAP mask and the custom-fit PAP masks designed by a
state-of-the-art approach [4], showing that our custom-fit masks
have less air leakage and are more comfortable.

2. Related Work

Human-centric shape modeling. Objects in everyday use are
shaped and given form based on their intended use and target
user. In recent years, there has been a rising research interest in
modeling man-made objects by making use of human poses and
simulating the human-object interaction [5, 6, 7]. In particular,
researchers utilized human sitting poses to model the geometric
shape of rigid supporting surfaces to maximize the ergonomics of
physically based contact between the surface and the human [8,
9, 10]. Instead of focusing on modeling man-made objects
that are rigid, researchers also studied the problem of modeling
custom-fit deformable garments based on 3D body scans of the
intended wearer [11, 12, 13, 14, 15].

Head-related product design. Head-related products are de-
signed for various purposes, including protection (e.g., protec-
tive helmets), enhancing sensory functioning (e.g., hearing aids),
and information transfer (e.g., earphones). Traditionally, these
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head-related products are designed by professionals and mass
produced. However, due to variations in sizes and shapes of
human heads, the mass-produced head-related products may
not be suitable for a specific person. To address this limitation,
researchers have developed methods to model customized head-
related products, including hearing aid [16, 17], earphones [18],
eyeglasses frame [19], and helmet [20]. Please refer to [21]
for a recent survey on head-related product design. In this pa-
per, we study computational techniques for designing a specific
head-related product, mask.

Custom-fit mask design. A mask is an object normally worn on
the face, typically for protection, disguise, medicine, or enter-
tainment. Since standard masks may not fit well for everyone,
customized design of masks is necessary. Researchers have stud-
ied customization of different types of masks, including pilot
oxygen mask [22] and facial mask [23].

In particular, a number of research works focus on model-
ing and design of custom-fit PAP masks. Cheng et al. [24]
developed customized mask cushions and compared the clinical
performance of the customized cushion with the conventional
one. Sela et al. [25] proposed a fully automatic approach for
designing a personalized nasal mask interface that fits a facial
depth scan. Wu et al. [3] developed an interactive tool to model
custom-fit PAP masks and compared the custom-fit PAP masks
with a generic mask in a user study. This work was later im-
proved by Martelly et al. [4] to make the mask modeling and
fabrication methodology more repeatable. Li et al. [26] devel-
oped an automatic pipeline to design a custom-fit PAP mask,
including face scanning, processing, and mask modeling.

All the above existing works assume that the PAP mask cush-
ion in its rest state exactly fits the human face model, and thus
model the mask cushion by simply inverting the face shape.
Moreover, they do not analyze the modeled mask cushion in
terms of mask fit, not to mention optimizing the mask cushion
geometry to improve the mask fit performance. We overcome
these limitations by computing the deformed shape of the mask
cushion in the virtual mask-face fitting using FEM, proposing
quantitative measures on leakage and comfort of the deformed
cushion, and optimizing the mask cushion’s geometry to min-
imize the measures. We have compared our approach with a
state-of-the-art approach [4] in a user study and shown that our
designed custom-fit PAP masks has less air leakage and are more
comfortable; see Section 6.

Designing deformable solids. Computational design of de-
formable solid objects with desired behavior have attracted atten-
tion from the computer graphics community. Some researchers
achieve the deformable behavior by optimizing the object geom-
etry, including the rest shape of an object that can deform to its
target shape under external forces [27], cross-sectional profiles
of rods in flexible meshes [28], and shell thickness of hollowed
objects [29]. Other researchers designed objects with desired
deformation behavior by optimizing the distribution of materials
within the object [30, 31, 32]. Object geometry and material
distribution can be jointly optimized to achieve desired deforma-
tion, e.g., when designing soft pneumatic objects [33]. In our
paper, we also design a deformable solid (i.e., a personalized

cushion) for a PAP mask by optimizing its geometry, assuming
evenly distributed (silicone) materials in the cushion. Different
from the above works that optimize the object design to achieve
prescribed deformable behavior, we optimize the cushion design
of a PAP mask such that a patient feels comfortable and there
is less air leakage when he/she wears the mask. This requires
simulating the interaction between the cushion and the patient’s
face model (i.e., mask-face fitting) and evaluating comfort and
air leakage based on the simulation result; see Section 4.

3. Geometry Modeling of Custom-fit Masks

We model a custom-fit PAP mask as an assembly of a person-
alized mask interface and the frame of a generic PAP mask. We
choose a commercial PAP mask called the BMC F2 full face
mask (middle size) as the generic mask since the interface of
the BMC F2 mask can be easily replaced due to its mechanical
connection with the mask frame; see Figure 2. We introduce
our approach to modeling the geometry of the mask interface
(Section 3.1) and the mask cushion (Section 3.2), where the
mask cushion is the core component of the mask interface.

3.1. Modeling Mask Interface

The mask interface should be able to fit a subject’s face and to
join the BMC mask frame mechanically. To this end, we model
the mask interface with two components; see Figure 3.

• Cushion. The cushion has a thin shell structure. Hence, we
first model the cushion surface and then offset the surface
along the normal direction for distance τ (τ is set as 3mm
in our experiments) to get the shell geometry. Note that a

Fig. 2: (Left) The BMC F2 full face mask is an assembly of (middle) a mask
frame and (right) a mask interface, where the mask frame and interface are
connected mechanically based on the integral joints.

Fig. 3: We model a mask interface with two components: a connector for joining
the BMC mask frame, and a mask cushion for fitting a subject’s face.
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Fig. 4: Modeling the cushion surface using a swept surface: (a) a trajectory
curve and its control polygon, (b) a set of sampled normals on the trajectory
curve, (c) key profile curves defined in the XY plane of the local frame, and (d)
the modeled cushion surface.

thickness of 3mm is not considered thin compared to the
cushion thickness of commercial masks, and we choose this
thickness for ease of fabrication. Section 3.2 provides details
about cushion surface modeling.

• Connector. The connector of our mask interface always has
the same geometry as that of the reconstructed BMC mask
interface to enable mechanical joining between our modeled
mask interface and the BMC mask frame.

3.2. Modeling Mask Cushion Surface
When wearing a PAP mask, the mask cushion contacts a

subject’s face and determines leakage and comfort of the mask.
We choose to model the cushion surface using a parametric
representation to ensure smooth geometry and reduce the design
space. In particular, we model the cushion geometry using a
swept surface; see Figure 4. A swept surface is generated by
transforming 2D profile curves along a smooth rotation field
defined on a 3D swept trajectory:

S(u, t) = q(t) + R(t) pt(u)

=


x(t)
y(t)
z(t)

 +


r11(t) r12(t) r13(t)
r21(t) r22(t) r23(t)
r31(t) r32(t) r33(t)



px

t (u)
py

t (u)
0

 , (1)

where u ∈ [0, 1] and t ∈ [0, 1) are parameters, pt(u) is the 2D
profile curve whose shape is varying with t, q(t) is the 3D swept
trajectory curve that defines position of profile curve pt(u) at t,
and R(t) is the frame field represented as a 3 × 3 rotation matrix
that defines orientation of profile curve pt(u) at t.

Modeling trajectory curve q(t). We model the trajectory curve
q(t) as a 3D periodic cubic B-spline curve:

q(t) =

n∑
i=1

di N̊4
i (t), (2)

where n is the number of control points (typically set as 20 in
our experiments), di is the ith control point, and {N̊4

i }
n
i=1 is a

set of cubic periodic B-spline functions. The B-spline curve is
C2 continuity, and has n different knots, where each knot has
multiplicity 1; see Figure 4(a) for an example.

Modeling frame field R(t). The frame field can be written
as R(t) = [r1(t), r2(t), r3(t)], where r1(t), r2(t), r3(t) define
the x-, y-, and z-axis of the local frame in the world space
at parameter t, respectively; see the inset. One requirement
of modeling the frame field R(t) is to mini-
mize twisting of the local frames [34]. We
observe that the trajectory curve q(t) is close
to be parallel with the coronal plane of the
human body when the mask is worn on the
human face. The coronal plane, also known as the frontal plane,
bisects the human body into anterior and posterior sections. De-
note the normal of the coronal plane as n. The tangent q′(t) of
the trajectory curve q(t) should be close to be perpendicular to
the normal n. Thus, we use a simple method to compute the
frame field R(t) with a slight twist:

r3(t) =
Pnq′(t)∥∥∥Pnq′(t)

∥∥∥ , r2(t) = n, r1(t) = r2(t) × r3(t), (3)

where Pn = I − nnT is a matrix that projects a vector onto the
plane with normal n; see Figure 4(b) for an example. Self-
intersection of the cushion surface may happen at high curvature
points on the trajectory curve q(t). In this case, we resolve the
self-intersection by using the frame relaxation approach in [16].

Modeling profile curves {pt(u)}. For each t, the 2D profile curve
pt(u) is defined in the XY plane of the local frame R(t). We
requires that each profile curve pt(u) intersects with the trajectory
curve q(t) in the 3D space. By this, the trajectory curve q(t) is
on the cushion surface, and then we can initialize the trajectory
curve q(t) easily based on the face shape. For each t, we model
the profile curve pt(u) as two quadratic Bézier curves joining G1

smoothly at the origin of the local frame (i.e., point q(t)):

pt(u) =

{
p1

t (1 − 2u), (u, t) ∈ [0, 0.5] × [0, 1),
p2

t (2u − 1), (u, t) ∈ (0.5, 1] × [0, 1), (4)

where the Bézier curve p1
t corresponds to the outer part of the

cushion, and the Bézier curve p2
t corresponds to the inner part

of the cushion; see Figure 4(d) and 5. For PAP masks with more
complex profile geometry, we can model the profile curves using
Bézier curves with a higher order.

We denote the control points of the Bézier curve p j
t as {b j

i (t)},
i ∈ {0, 1, 2} and j ∈ {1, 2}. For each profile curve pt(u), t ∈ [0, 1),
the two Bézier curves p1

t and p2
t meet at the origin of the local

frame, i.e., b1
0(t) = b2

0(t) = b0(t) = 0. Since we require that
the profile curve is G1 smooth at the origin, we represent b1

1(t)
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Fig. 5: The profile curve
pt(u) is modeled as two
Bézier curves joining G1

smoothly at the origin of
the local frame.

and b2
1(t) using the tangent angle θ(t) and two vector lengths

l1(t) = ‖b1
1(t) − b0(t)‖ and l2(t) = ‖b2

1(t) − b0(t)‖ as:

b1
1 =

[
−l1 cos(θ)
−l1 sin(θ)

]
+ b0, b2

1 =

[
l2 cos(θ)
l2 sin(θ)

]
+ b0. (5)

To model the profile curves {pt(u)}, we only specify a few key
profile curves for sampled parameters t1, t2, ..., tK ∈ [0, 1). These
key profile curves are independent with one another, and we
typically choose K = 15 key profile curves in our experiments;
see Figure 4(c&d) for an illustrative example with 6 key profile
curves. All the other profile curves are obtained via interpolation
of the key profile curves. We choose periodic C2 cubic B-spline
as the interpolant of the independent control points b0(t), b1

2(t)
and b2

2(t) and independent parameters θ(t), l1(t), and l2(t).

4. Evaluating Mask Cushion Surface

In this section, we evaluate a mask design in terms of air
leakage and comfort by performing virtual mask-face fitting. We
propose a quasi-static FEM model to efficiently simulate virtual
mask-face fitting (Section 4.1). Based on the simulation result,
we propose two measures to quantify the mask cushion in terms
of leakage and comfort, respectively (Section 4.2).

4.1. Virtual Mask-Face Fitting
Accurately simulating the real mask-face fitting process is

computationally expensive since it involves soft bodies (mask
cushion and facial skin), rigid bodies (mask frame and facial
bones), and fluid (compressed air). To make the simulation vi-
able, we only simulate two core components: mask cushion and
human face. Since the mask cushion (made with silicone) usu-
ally has a much larger deformation than the human face when a
PAP mask is worn, we model the cushion as a deformable body
and model the face as a rigid body. Friction between the mask
cushion and the face is ignored in the simulation since it is rela-
tively small compared with the contact normal force. In practice,
it does not make sense to evaluate a mask design when the mask
is not properly worn on the face. Hence, we assume that the
mask-face alignment is known and fixed during the simulation;
see supplementary material for details. We choose quasi-static
FEM simulation for virtual mask-face fitting since we are only
interested in the equilibrium state of the mask cushion rather
than the procedure to arrive at that state.

Tetrahedralization of mask cushion. To support the FEM sim-
ulation, we generate a tetrahedral mesh for the cushion shell.
Utilizing the swept surface model of the cushion surface, we can
easily generate cushion tetrahedral mesh vertices by uniformly

sampling parameters (ui, t j, hk) ⊂ [0, 1] × [0, 1) × [0, τ], where τ
is the cushion thickness. Note that the endpoints of each of the
three intervals are always sampled. The vertices of the cushion
shell in the rest state are represented as:

x̄i jk = q(t j) + R(t j) (pt j (ui) − hknt j (ui)), (6)

where nt ∈ R3 is the unit normal of the 2D profile curve pt in
the 3D local frame, and its direction is consistent with that of
the cushion surface normal. We use index (i, j, k) to refer to
a vertex on the cushion tetrahedral mesh. In our experiments,
the number of samples for (i, j, k) is nu = 11, nt = 50, nh = 2,
respectively. To determine the topology of the tetrahedral mesh,
we first connect the sampled points to form a set of hexahedra
and then divide each hexahedron into five tetrahedra [35]. We
use first order tetrahedral element for the FEM simulation. Thus,
nodes in the tetrahedral mesh are the same as the mesh’s ver-
tices. Compared with general tetrahedralization methods such as
TetWild [36], our method has two advantages for mask cushion
tetrahedralization: 1) vertices of the resulting tetrahedral mesh
are differentiable with respect to the swept surface’s control
points; and 2) topology of the tetrahedral mesh are simple and
fixed during the FEM simulation.

Quasi-static FEM simulation. Given the known mask-face
alignment, there exists penetration between the mask cushion (in
the rest state) and the face; see Figure 6 (top). During the quasi-
static FEM simulation, we fix the face model and the cushion
vertices that are attached to the connector. The goal of the FEM
simulation is to compute the deformation of the mask cushion to
resolve the mask-face penetration. The contact forces between
the mask cushion and the face in the equilibrium state will be
used to evaluate the mask cushion design in Section 4.2.

Denote x, x̄ ∈ R3N as nodal positions in the cushion shell
in the deformed and the rest state, respectively, where N is
the number of nodes in the cushion shell. Furthermore, x =

((xc)T , (x f )T )T , where xc are the positions of nodes that are
attached to the connector and fixed in the simulation and x f are
the positions of the free nodes. The mask-face equilibrium state
is obtained by minimizing the total potential energy:

min
x f

U(x, x̄) + ωcC(x f ), (7)

where U(x, x̄) is the cushion elastic potential energy, C(x f ) is
the collision potential energy, and ωc is the weight set as 1 in
our experiments.

We use a linear elastic model for the cushion shell for sim-
plicity. Although linear elasticity is not rotationally invariant,
the cushion boundary remains fixed during the simulation, thus
preventing introduction of any rigid motion. Note that the lin-
ear model can be replaced by a nonlinear model such as the
Neo-Hookean model. The mask cushion is generally made
with silicone and we set its material parameter as 1.11 MPa for
Young’s modulus and 0.49 for Poisson’s ratio. Denote K as the
stiffness matrix [37]. The cushion elastic potential energy is
represented as:

U(x, x̄) =
1
2

(x − x̄)T K(x − x̄). (8)
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Fig. 6: (Top) For a known mask-face alignment, there is penetration between the
mask cushion (in the rest state) and the human face. (Middle) We simulate the
cushion shell deformation using quasi-static FEM to minimize the penetration,
where the contact force magnitude in the deformed cushion surface is visualized
on the right. (Bottom) We perform FEM simulation with Abaqus to evaluate our
FEM model. The contact pressure in the two simulations is visualized on the
right, which is very close to each other.

We use the signed distance field φ of the human face for
defining the collision potential energy:

C(x f ) =
∑

i

(min{φ(x f
i ), 0})2. (9)

The minimization problem in Equation 7 is solved using the
L-BFGS method provided by ALGLIB library [38]. In order
to justify our quasi-static FEM model, we perform mask-face
fitting using the FEM simulation by the professional physical
simulation software Abaqus [39]; see Figure 6. In Abaqus, we
use Ogden hyperelastic model for the tetrahedral cushion, and
model the human face as a rigid body. Initially, the face and
mask have no interpenetration. Then we fix the position of the
face model, and translate the cushion model to its position at
the given mask-face alignment, during which the cushion is
gradually deformed. We compare the cushion deformation result
in Abaqus with ours and they are similar to each other. We
measure the root-mean-squared error (RMSE) [8] between our
computed vertex displacements and the vertex displacements
computed in Abaqus, which is 0.0801. Note that we map the
minimal displacement value to 0, and the maximal value to 1,
with values in-between linearly interpolated. Consequently, the
RMSE here is unitless. Moreover, the distribution of the nodal
forces in the equilibrium state is also similar, We measure the
RMSE between our computed contact force magnitudes and the
contact force magnitudes computed in Abaqus, which is 0.0393.
The experimental result shows that the deformed cushion shape
and contact forces in the equilibrium state computed by our
model are very close to those by Abaqus.

4.2. Evaluation Measures
We evaluate a mask cushion with two measures: air leakage

measure and comfort measure, both of which are quantified
based on the mask-face contact forces in the equilibrium state
computed in the above FEM simulation.

Air leakage measure. In real mask-face fitting, a certain amount
of contact pressure between the face and the mask is necessary
to keep the compressed air flowing inside the PAP mask. Air
leakage likely happens when the contact pressure is not evenly
distributed across the mask cushion surface. We observe that
there is no or little air leakage if the contact forces and areas are
evenly distributed along the trajectory curve, where the contact
area is identified as an area on the cushion surface that the
contact force is not zero. So we propose to measure air leakage
using the distribution of the contact force and area along the
trajectory curve, respectively. To this end, we sum up the nodal
force magnitudes and contact areas along each profile curve,
respectively. Then, we compute the variance of the summed
nodal force magnitudes and areas for all the profile curves along
the trajectory curve, respectively, to measure the air leakage.

The force magnitude variance is defined as

Vforce =
1
nt

nt∑
j=1

(
nu∑
i=2

‖fi j‖
2 −

1
nt

nt∑
j=1

nu∑
i=2

‖fi j‖
2 )2, (10)

where f(x, x̄) = −∇xU(x, x̄) is the vector of nodal forces on the
deformed cushion and fi j is the nodal force at the node x f

i j on the
cushion surface with index (i, j, 1). Since nodes attached to the
connector are fixed in the simulation, they are not included in
Equation 10 (i.e., i starts from 2 instead of 1).

The contact area variance is defined as:

Vcontact =
1
nt

nt∑
j=1

(
nu∑
i=2

Ai j si j −
1
nt

nt∑
j=1

nu∑
i=2

Ai j si j)2, (11)

where Ai j is 1
3 of total surface triangle areas of 1 ring neighbor

of node x f
i j on the cushion surface, and si j is defined as si j =

sign(‖fi j‖) for identifying the contact area by filtering out nodes
on the cushion surface with zero force magnitude. Note that
sign(·) is a discontinuous function. To make si j suitable for the
optimization-based design of the cushion surface in Section 5,
we make si j differentiable using si j = tanh(k‖fi j‖

2), where k is a
coefficient set as 100 in our experiments.

The air leakage measure is defined as:

Eleak = λ Vforce + Vcontact. (12)

The choice of parameter λ depends on the cushion design, which
is usually set as 111 in our experiments. We choose it so that the
gradient norm of Vforce is about the same scale as that of Vcontact.

Comfort measure. In real mask-face fitting, discomfort occurs
when the contact pressure on the face is too large. In our simu-
lation, the pressure on the human face is caused by the elastic
forces from the cushion surface. We measure comfort by approx-
imating the average pressure on the human face using:

Ecomf =

∑nt
j=1

∑nu
i=2 ‖fi j‖

2

(
∑nt

j=1
∑nu

i=2 Ai j si j)2 , (13)
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5. Designing Mask Cushion Surface

Taking the geometry modeling in Section 3 and evalua-
tion measures in Section 4 as a foundation, we propose an
optimization-based approach to designing a personalized mask
cushion for a subject whose face model is represented by a
triangle mesh.

5.1. Problem Formulation

We formulate the design of a mask cushion surface for a
subject as an optimization problem.

Search space. Our goal is to find the geometry of the mask
cushion surface that fits a subject’s face. Recall that the mask
cushion surface is modeled as a swept surface represented by a
trajectory curve and a few key profile curves (see again Figure 4).
Hence, the search space of our problem is the control points of
the trajectory curve q and the parameters of the key profile
curves {pti }, i = 1, . . . ,K.

Objective function. Our design problem is formulated as mini-
mizing the following objective function:

E = ω1 Eleak + ω2 Ecomf + ω3 Eregu, (14)

where Eleak is the leakage measure defined in Equation 12, Ecomf
is the comfort measure defined in Equation 13, Eregu is the reg-
ularization term that aims to maintain a cushion-like shape for
the swept surface, ω1, ω2 and ω3 are weights that are typically
set as 1.8 × 103, 1.11 × 10−4, and 1 × 10−3 in our experiments,
respectively. Eleak and Ecomf are functions of x̄, x, which are
vertices in the tetrahedral mesh of the mask cushion in the rest
and deformed state, respectively. In particular, x̄ is represented
by the design variables via Equation 6, while x is computed by
running the quasi-static FEM simulation in Section 4.1. Eregu
regularizes the cushion surface shape by constraining the key
profile curves’ length and shape, as well as distance between
adjacent key profile curves; see the supplementary material for
details. Note that Eleak becomes 0 and Ecomf becomes unde-
fined when there is no contact between the face and the cushion.
Our regularization term aims to prevent occurring of such an
undesired situation.

Constraints. The mask cushion shape has to satisfy the follow-
ing constraints.

1. Convex profile curves. Most PAP masks on the market, in-
cluding the BMC masks, have cushions with convex profile
curves; see again Figure 2. This is likely because convex pro-
file curves potentially lead to continuous mask-face contact,
increasing comfort of the mask. We require convexity for our
key profile curves. This is achieved by requiring the control
polygon of each profile curve to be convex:

det
(
b0(ti) − b1

1(ti),b1
2(ti) − b1

1(ti)
)
> 0, i = 1, . . . ,K, (15)

det
(
b2

2(ti) − b2
1(ti),b0(ti) − b2

1(ti)
)
> 0, i = 1, . . . ,K. (16)

Fig. 7: The mask cushion surface (top) before and (bottom) after our optimiza-
tion, and the FEM analysis result is shown on the right. The color map visualizes
contact pressure values in range [0, 2.2].

2. Fixed cushion boundary. The cushion with optimized shape
should always match the connector with fixed shape to form
the mask interface; see again Figure 3. To this end, the
outer boundary curve of the cushion surface S(u, t) should
interpolate the extracted curve c(y), y ∈ [0, 1) on the mask
connector for m samples (m = 150 in our experiments). This
constraint is formulated as for each sample zi ∈ [0, 1), i =

1, ...,m,
S(0, zi) = c(yi), ∃ yi ∈ [0, 1). (17)

3. Collision-free tetrahedral mesh of the cushion shell. To
ensure a valid FEM simulation, collision among tetrahedra
should be avoided in the tetrahedral mesh of the cushion
shell. This is achieved by requiring that the volume of each
tetrahedron in the tetrahedral cushion shell in the rest state
should be positive [40]. This constraint also helps to avoid
self-intersection in the cushion surface.

4. Height-field cushion surface. We fabricate the designed
mask interface using molding with silicone material; see the
supplementary material for details. To reduce the number of
mold pieces for ease of fabrication, we require that the inner
part of the cushion surface I = {S(u, t)|(u, t) ∈ [0, 0.5]×[0, 1)}
is a height field in the de-molding direction (same as the
human face coronal plane normal n). Hence, for any two
points A, B ∈ I, (A , B), we have Pn(A) , Pn(B), where
Pn = I − nnT projects a 3D point onto a plane with normal n.

5.2. Optimization Solver

Initialization. It is important to find a good initial cushion sur-
face for optimization. Our initialization is based on the scanned
BMC mask cushion surface. There are two steps for the ini-
tialization. The first step is to find the trajectory curve, and the
second step is to find the key profile curves. We extract a center-
line curve on the scanned BMC mask cushion surface, project
the centerline curve (represented as a polyline) on the human
face and fit the projected polyline curve with a periodic cubic
B-spline curve in Equation 2 to obtain the initial trajectory curve.
For the key profile curve initialization, we first obtain each key
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profile curve from the BMC mask cushion surface represented by
a polyline, and then fit the polyline with the two Bézier curves in
Equation 4 to obtain the corresponding initial key profile curve.
Figure 7 (top) shows the cushion surface obtained from this
initialization.

Optimization. In the optimization stage, we fix the trajectory
curve as well as the local frames and only optimize the key
profile curves. By this, the fixed cushion boundary constraint
can be easily satisfied by fixing the control point b1

2(t) of each
key profile curve. To allow optimizing the key profile curves
with a higher degree of freedom, we do not require the control
point b0(t) = 0 for all t in the local frame; see again Figure 5.

In the optimization, we handle constraints by using the bar-
rier function and quadratic penalty function. Especially, we
use barrier function for the collision-free tetrahedral mesh and
height-field cushion surface constraints, because these are hard
constraint that must be satisfied. In case the initial cushion
surface does not satisfy the collision-free tetrahedral mesh con-
straint, we resolve it by decreasing the key profile curve max-
imum curvature. We find our initial cushion surface generally
satisfies the height-field constraint, since the inner part of the
BMC mask cushion surface is a height field. The convexity con-
straint is handled by a penalty term using the quadratic penalty
function.

We use gradient-descent with backtracking line search for
optimization, and precondition the gradient by using BFGS
matrix as an approximation of the Hessian matrix. We can derive
the Jacobian matrix ∂x f

∂x̄ by using the condition f f (x, x̄) = 0 at the
quasi-static equilibrium state, where f f is denoted as the total
nodal force exerted on the free nodes. Then, the gradient of
the objective function ∇E can be computed using the adjoint
method [41]. Figure 7 (bottom) shows one cushion surface
optimized by our algorithm. By running our optimization on the
mask cushion surface, the leakage measure is decreased from
0.0026 to 0.00066 and the comfort measure is decreased from
18.45 to 11.96. Please refer to the supplementary material for
details about our solver.

6. Results

We implement our approach in C++ and use OpenMesh, libigl,
and Eigen for geometry computing and ALGLIB for optimiza-
tion. We execute our computational tool on a laptop PC with a
2.5GHz CPU and 16GB memory. Table 1 shows statistics of the
results shown in the paper. It shows that the air leakage measure
Eleak and comfort measure Ecomf are significantly improved by
our optimization on the cushion surface. The human face models
used in our experiments were obtained through 3D scanning of
real subjects (Figure 1, 8 (top), 10, and 11), provided by the
FaceScape dataset [42] (Figure 9), and downloaded from online
3D model websites (Figure 8 (middle) and (bottom)).

Custom-fit PAP mask for different face shapes. Figure 8 shows
that our approach allows designing a custom-fit PAP mask for
subjects with a variety of face shapes. Due to the large variation
of the face shapes, the generic BMC F2 mask does not fit each
of them very well. In contrast, our designed custom-fit mask is

Table 1: Statistics and timings of results shown in the paper. We report the
number of triangles in the face model, number of triangles in the mask interface,
number of tetrahedra in the cushion shell, Eleak of the initial cushion surface,
Ecomf of the initial cushion surface, Eleak of the optimized cushion surface, Ecomf
of the optimized cushion surface, and time to solve the optimization-based design
problem.

able to achieve better performance than the BMC mask in terms
of leakage and comfort for all the subjects. One interesting
observation is that the BMC mask fits the first subject better than
the others. This is likely because the BMC mask is designed
according to the 3D anthropometric data of a population’s faces
and the first subject’s face is closer to the representative face of
the population. This experiment demonstrates that our approach
is particularly useful for designing a custom-fit mask for subjects
whose face is far from the representative face of the population
since generic PAP masks do not fit their faces well.

Custom-fit PAP mask for multiple face expressions. Our ap-
proach assumes that a subject’s face is static when wearing the
mask. However, a subject may have different face expressions
when wearing the mask; e.g., the mouth can be either open or
closed. Our approach can be generalized to design a custom-fit
mask for subjects with multiple face expressions when wearing
a mask. This is achieved by modifying the objective function
in our optimization-based design. In detail, we perform virtual
mask-face fitting for each face expression, and use their com-
bined evaluation measures as the metric to evaluate a cushion
candidate. Weights can be specified to each face expression
and used for the linear combination of the evaluation measures.
Figure 9 shows that a custom-fit mask designed for three typical
face expressions achieves better mask fit performance than the
custom-fit mask designed only for face expression #1 as well as
the BMF F2 mask.

Custom-fit PAP mask of different types. We show that our ap-
proach allows designing PAP masks of different types, not lim-
ited to BMC F2 full face mask. PAP masks can be classified into
three types: nasal mask that only covers the nose, full face mask
that covers the nose and mouth, and total face mask that covers
the whole face. For the same subject, we used our approach
to design a personalized cushion for a nasal mask, a full face
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Fig. 8: Our approach allows designing (b&c) a custom-fit PAP mask for (a) subjects with a variety of face shapes, achieving better mask fit performance than (e) the
BMC F2 mask for each subject. (d) The contact forces of our custom-fit PAP masks are more evenly distributed across the cushion trajectory curve than (f) those
of the BMC F2 mask (i.e., less leakage), and the contact forces of our custom-fit PAP masks have smaller magnitudes than those of the BMC F2 mask (i.e., more
comfortable). The color map visualizes contact pressure values in range [0, 1.5].

Fig. 9: Our approach allows designing a custom-fit mask for a subject with
three different expressions [42], achieving better mask fit performance than a
custom-fit mask designed only for expression #1 as well as the BMC F2 mask.
The color map visualizes contact pressure values in range [0, 1.5].

mask (with a different form from the BMC F2 mask), and a total
face mask; see Figure 10. For each mask type, our designed

Fig. 10: Our approach allows designing a personalized cushion for PAP masks
of different types: (top) a nasal mask , (middle) a full face mask, and (bottom)
a total face mask. From top to bottom, the color map maximum values are 0.7,
0.35, and 3.0, respectively. The color map minimum values are all 0.

personalized cushion achieves good mask fit performance in
terms of leakage and comfort.

User study on real subjects. The purpose of this user study on
healthy real subjects is to gather feedback about the air leakage
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Fig. 11: (a) A user study on two real subjects who wore the baseline custom-fit mask, BMC F2 mask, and our custom-fit mask, respectively. The user study setting is
shown on the right, where a subject is lying on the bed and wearing a PAP mask that is connected to a ResMed PAP machine. (b) Three cushions (designed for the
male subject) are fabricated with silicone and used in our user study. (c) Face models of the two subjects and the custom-fit mask designed for each of them using our
approach. (d) Air leakage statistics in our user study, reporting the number of subjects with no air leakage for each mask and each air pressure level. (e) Summary of
the four users’ answers to Q1 - Q3 in (f) our post-study questionnaire.

and comfort with our custom-fit mask. Four healthy subjects (3
male, 1 female; age 23 - 46) participated in the study, among
which two are respiratory sleep physicians. For each subject, we
first scan his/her face using the handheld EinScan H Scanner
to obtain a mesh model of the face; see Figure 1(a), 8(top)
and 11(c) for the face models of the subjects. Next, we use our
computational approach to design a personalized mask cushion
that fits the subject’s face model. We fabricate the designed

cushion with silicone by casting silicone into a 3-piece mold
modeled according to the cushion’s shape. Thanks to the height-
field constraint in our optimization, only three mold pieces are
enough to fabricate the cushion with freeform shape; see the sup-
plementary for details. In this study, we compare our custom-fit
mask with the BMC F2 mask as well as a baseline custom-fit
mask designed using the approach in [4], which simply mod-
els the cushion (with a concave U-shaped profile) by inverting
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the subject’s face shape. We fabricate the three cushions with
silicone material using the same method; see Figure 11(b) for
examples. Please watch the accompanying video for demos.

During the study, a subject tries each of the three masks
without knowing the mask type; see Figure 11(a). The procedure
of the study is as follows. First, the subject wears the mask in a
lying position, during which a respiratory sleep physician adjusts
the mask such that it is comfortable to wear and have a good
seal. Next, the mask is connected to a PAP machine. Initially,
the PAP machine is set to deliver a continuous positive airway
pressure (CPAP) of 4 cmH20, during which the physician further
adjusts the mask alignment until no air leakage. Then, the CPAP
pressure of the machine is increased to 8, 12, 16, and 20 cmH2O,
during which the air leakage data (provided by the machine) is
recorded for each air pressure level. The subject is asked to fill a
questionnaire at the end of the study; see Figure 11(f).

Figure 11(d) provides the recorded air leakage data for the
four subjects. For each mask and each air pressure level, the table
provides the number of subjects that do not report air leakage
using the mask under the air pressure level. The user study result
shows that our custom-fit mask is significantly better than the
baseline mask for all air pressure levels and better than the BMC
F2 mask for 16 and 20 cmH2O pressure levels. Figure 11(e)
summarizes the subjects’ feedback to the questionnaire. All
the participants think that our custom-fit mask is better than the
baseline mask and the BMC F2 mask in terms of comfort and
even contact pressure.

7. Conclusion

This paper studies computational design and fabrication of
custom-fit PAP masks that have less air leakage and are more
comfortable to wear, aiming to improve a patient’s compliant
to PAP therapy. The mask interface is a core component of a
custom-fit PAP mask, determining the mask’s air leakage and
comfort. We propose a family of computational techniques
to model, evaluate, and design a personalized mask interface
that fits a subject’s face model when the PAP mask is in use,
and integrate these techniques into a computational tool that
greatly simplifies the design process. We have employed our
computational tool to design a personalized mask interface for
subjects with a variety of face shapes, and fabricated some of
them by molding with silicone material. Our user study on real
subjects confirms that our custom-fit PAP mask can achieve
better mask fit performance than a generic PAP mask as well as
custom-fit PAP masks designed by an existing approach.

Limitations and future work. Our work has several limitations
that open up directions for future research. First, in the current
virtual mask-face fitting, we assume that the human face is rigid
to simplify the simulation process. In the future, we plan to
model the human face as a deformable body, possibly with rigid
bones inside. We also plan to simulate compressed air within
the mask such that the simulation result can be closer to the real
counterpart, resulting in a more accurate air leakage measure.
Second, the current user study is conducted on healthy subjects,
including two physicians, showing that our custom-fit mask can
improve the PAP therapy. Further clinical study on patients with

sleep disordered breathing would be an important future work.
Third, this paper focuses on computational design of PAP masks.
We hope our approach is able to inspire new computational
approaches to design and fabricate personalized cushions for
different kinds of face-related products such as oxygen masks,
swimming goggles, and VR/AR headsets.
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