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Fig. 1. We propose a computational approach for designing coordinate-motion assemblies, which can be disassembled only by using a coordinated motion

of component parts specified by users. We demonstrate this with a three-piece Bunny assembly. The columns display the initial, intermediate, and fully

disassembled configurations, with the physical prototype (top) matching the virtual design (bottom). Colored arrows indicate the translational directions

along which the parts must move simultaneously to reach the next configuration.

Coordinate-motion assemblies can only be disassembled by the simultaneous
motion of multiple parts along distinct paths, providing high structural sta-

bility and enabling efficient robotic assembly. Existing examples are largely

limited to architectural structures using joint-based connections, or puzzles

created through trial-and-error, as the relationship between part geometry

and coordinate motion remains poorly understood. Computationally de-

signing such assemblies is challenging because it requires jointly achieving

distributed contacts across the entire assembly and a unique coordinate mo-

tion for disassembly that rules out other feasible motions. We address this

challenge by establishing a theoretical connection between part geometry

and unique coordinate motion, enabling us to rigorously verify whether a

given assembly admits a unique coordinate motion. Building on this the-

ory, we introduce a two-stage algorithm that optimizes contact interfaces

for a target motion and constructs physically feasible part geometries that

conform to a user-specified global shape. We demonstrate our approach

on models with complex geometries and topologies, including assemblies
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with large part counts, and validate it through physical fabrication and

experiments.
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1 Introduction

Most assemblies can be disassembled by removing one part after

another in a sequential manner. In contrast, coordinate-motion as-

semblies can only be disassembled when all parts move simultane-
ously along different paths; see Fig. 1. Their disassembly plans are

therefore non-sequential, and they are also called non-sequential

assemblies [Glath et al. 2023b] or𝑚-handed assemblies [Schwarzer

et al. 1998]. This coordinate-motion property brings advantages

unavailable to sequential ones: higher structural stability because

disassembly needs multiple parts to move together, and it can fa-

cilitate robotic execution since robots can place many parts in one

coordinated step. For humans, however, coordinate motion is chal-

lenging because two hands are insufficient to manipulate multiple

parts at once. These characteristics make coordinate-motion as-

semblies attractive for structurally demanding architecture [Glath

et al. 2023a], robotic assembly [Rossi et al. 2024], and mechanically

intriguing puzzles [Coffin 2007].
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Existing design practices remain limited. Puzzle artisans rely on

trial-and-error combinations of primitives like spheres [Bell 2011]

or tetrahedra [Bell 2012], which limits both shape and motion va-

riety. Architectural designs use mortise-and-tenon joints to obtain

coordinate motion [Glath et al. 2023a], but adapting these joints

to curved global shapes forces them to be short and narrow. This

results in weak connections prone to separation, making them im-

practical for structural applications; see Fig. 13 (right). Prior work

has represented coordinate motions via graph models [Glath et al.

2023a] or algebraic formulations [Bell 2024]. But they do not reveal

the relation between geometry and coordinate motion, which makes

the general design of coordinate-motion assemblies difficult.

Our goal is to theoretically analyze and computationally design

coordinate-motion assemblies that are: (i) contact-based, utilizing
distributed planar contacts rather than local joints; see Fig. 2; (ii)

structurally stable, possessing a unique disassembly plan; (iii) physi-

cally feasible under common fabrication constraints; (iv) versatile

in shape, conforming to any user-specified global shape. To the best

of our knowledge, we are the first to formulate and solve the re-

search problem of designing contact-based assemblies with unique

coordinate motion.

The inputs to our problem are a global shape mesh and a set of 3D

vectors in the global frame specifying the target translational veloc-

ities of the parts. To make the problem tractable, we assume contact

interfaces are composed of planar faces. At the same time, we ac-

count for other feasible disassembly motions (e.g., rotations) and

design to rule them out. Two main challenges need to be addressed.

First, an inequality system BY ≥ 0 describing feasible infinitesi-

mal motions of assemblies is known [Wang et al. 2019], but how

to use this inequality system to test whether an assembly admits

unique coordinate motion has been unclear. We observe that the

sliding contacts (those aligned with the target relative disassembly

motion) are the key to constraining the coordinate motion to be

unique, and then we derive an equivalence between contact geom-

etry and unique coordinate motion (Section 3). Second, finding a

suitable contact-based geometry representation for the assemblies

and searching for a configuration to achieve all the constraints is

difficult. Our approach models contact interfaces (Section 4), and

uses a two-stage design approach that first optimizes the interfaces

to achieve the target motion, then constructs full watertight parts

that respect fabrication and shape constraints (Section 5).

In summary, our contributions are:

• We establish a connection between geometry and unique

coordinate motion, and propose a test algorithm to verify

whether an assembly admits a unique coordinate motion.

• We propose a computational framework that designs contact-

based coordinate-motion assemblies with prescribed shapes

and motions while guaranteeing disassembly uniqueness and

physical feasibility.

Our results demonstrate the effectiveness of the approach using

diverse examples with different shapes, part counts, and topologies.

We validate our designs with fabricated prototypes, opening new

possibilities for applications in architecture, robotics, and puzzle

design. Related code and data for this paper are publicly available

at https://github.com/zLyrikz/Coordinate-MotionAssembly.

Fig. 2. Comparison between (a) joint-based and (b) contact-based coordinate-

motion assemblies. The same contact-based coordinate-motion assembly

has multiple disassembly motions. This raises the question of how to design

contact-based assemblies while guaranteeing unique coordinate motion.

2 Related Work

Assembly planning. Assembly planning is the process of creating

detailed plans to combine separate parts into the final structure.

Assembly planning typically involves finding a sequence of opera-

tions to assemble the parts (assembly sequencing [Jiménez 2013]),

and determining the motions that bring each part to its target pose

(assembly path planning [Ghandi and Masehian 2015]).

In practice, the most widely used assembly plan is linear, mono-
tone, and coherent due to its simplicity [Ghandi and Masehian 2015],

where linear means each assembly operation involves the insertion

of a single part, monotone means assembling parts does not re-

quire intermediate placement of subassemblies, and coherent means

all parts inserted into the assembly must touch some previously-

assembled part(s). Computational methods have been developed

to find such simple plans for various tasks, including constructing

architectural structures [Deuss et al. 2014], assembling mechanical

parts [Tian et al. 2022], and solving puzzles [Markaki and Panagio-

takis 2023]. Please refer to [Wang et al. 2021b] for a review.

Recently, there has been growing interest in studying complex

assemblies with non-trivial assembly plans. In particular, non-linear

plans have been computed for illustrating the disassembly of 3D

complex objects [Guo et al. 2013; Kerbl et al. 2015]. Non-monotone

plans have been computed for disassembling complex mechanical

assemblies [Masehian and Ghandi 2020] and designing high-level in-

terlocking puzzles [Chen et al. 2022]. Non-coherent plans have been

computed for solving 2-piece disentanglement puzzles [Zhang et al.

2020]. Following this line of research, we study 3D assemblies with

non-sequential plans that require coordinate motion to assemble all

the parts in one shot.

Coordinate-motion assemblies. Prior work on coordinate-motion

assemblies primarily focuses on computing assembly or disassembly

plans. Schwarzer [Schwarzer and Schweikard 2002] showed that

finding non-sequential plans for 2D polygonal assemblies is NP-

hard. For polyhedral assemblies, early studies restricted motions

to translations [Schwarzer et al. 1998; Schweikard and Schwarzer

1997], while recent work incorporates rotations [Wang et al. 2019].

Yet, verifying whether an assembly possesses a unique coordinate
motion while accounting for rotations remains unknown.

Coordinate-motion assemblies have been explored across diverse

applications, including the design of mechanical puzzles [Coffin

2007], decomposition for 3D printing [Araújo et al. 2019], theoretical

investigations [Houle and Toussaint 2015, 2017; Snoeyink and Stolfi
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1994], and the construction of architectural structures [Glath et al.

2023a; Rossi et al. 2024].

Notable design methods exist in the domains of puzzles and ar-

chitecture. Puzzle artisans typically employ an exhaustive search

approach, decomposing polyhedra into elemental shapes such as

spheres [Bell 2011] or tetrahedra [Bell 2012, 2014], and recom-

bining them to form puzzles. In architecture, Glath et al. utilized

hodographs to represent translational coordinate motions, realizing

them via mortise-and-tenon joints [Glath et al. 2023b]. However,

adapting these joints to curved global shapes forces them to be short

and narrow, resulting in weak connections; see Fig. 13 (right). In con-

trast, we investigate the relationship between geometry and unique

coordinate motion to design assemblies with global planar contacts

rather than local joints; see Fig. 2. Unlike prior designs where multi-

ple parts may move as a rigid subassembly during disassembly, our

approach guarantees a unique disassembly motion.

Interlocking assemblies. An assembly is called an interlocking as-

sembly if disassembling it requires first moving a single key part,

with all others fixed [Wang et al. 2018]. Because of the stability

brought by interlocking, many research works have designed inter-

locking assemblies for different applications, including mechanical

puzzles [Song et al. 2012; Xin et al. 2011], 3D printed objects [Song

et al. 2015; Yao et al. 2017a], furniture [Fu et al. 2015; Song et al.

2017], architecture [Wang et al. 2019], and robotic assembly [Zhang

and Balkcom 2016]. Other works [Ganeshan et al. 2025; Yao et al.

2017b] designed integral joints for making interlocking assemblies.

Interlocking assemblies are stable because fixing the key part

and any other part leads to deadlock of the entire assembly. Simi-

larly, coordinate-motion assemblies are deadlocked when any two

parts are fixed. Consequently, coordinate-motion assemblies offer

high stability without relying on a specific, potentially looser, key

part. Like interlocking assemblies, coordinate-motion assemblies

are applicable to furniture [Glath et al. 2020] and architectural struc-

tures [Glath et al. 2023a], as well as puzzles [Coffin 2007].

The primary distinction lies in the disassembly sequence: inter-

locking assemblies typically follow a strictly sequential removal

process, whereas coordinate-motion assemblies are non-sequential.

Due to the non-sequential nature, coordinate-motion assemblies

are well suited to robotic assembly [Rossi et al. 2024], since mul-

tiple robots can work simultaneously to assemble different parts,

improving assembly efficiency.

3 Theory of Coordinate-Motion Assemblies

This section presents a theoretical analysis of coordinate-motion

assemblies. We analyze the relation between contact geometry and

unique coordinate motion, and propose an algorithm for testing

unique coordinate motion based on this analysis.

3.1 Definitions

Unique disassembly motion. We study assemblies of polyhedral

parts A = {𝑃𝑖 }𝐾𝑖=1
. Denote the infinitesimal rigid motion of a part

𝑃𝑖 as Y𝑖 = [t⊺
𝑖
,𝝎⊺

𝑖
]⊺ , where t𝑖 is the translational velocity and

𝝎𝑖 is the angular velocity. The collision-free constraint at point-

plane contact 𝑐 with position r𝑐 and normal n𝑐 is described by the

inequality n𝑐 · [(t𝑖 − t𝑗 ) + (𝝎𝑖 − 𝝎 𝑗 ) × r𝑐 ] ≥ 0; see Fig. 3. A contact

Fig. 3. Parts 𝑃𝑖 and 𝑃 𝑗 have a point-plane contact 𝑐 .

between two planar polygonal faces can be equivalently represented

by point-plane constraints at the vertices of the contact region’s

convex hull [Wilson and Matsui 1992]. Setting Y𝐾 = 0 to remove

the rigid-body motion of the whole assembly, all the contacts give a

system of linear inequalities [Wang et al. 2019]:

B · Y ≥ 0, s.t. Y ≠ 0, (1)

where Y = [Y⊺
1
, . . . ,Y⊺

𝐾−1
]⊺ is the stacked generalized velocity of

the assembly, and B is the contact matrix of𝑚 rows and 𝑛 columns.

Denote𝑊 = {Y ∈ R𝑛 |B · Y ≥ 0, Y ≠ 0} as the set of feasible gener-
alized velocities. We say that the assembly has unique disassembly
motion if there exists Y∗ ∈ R𝑛 s.t.𝑊 = {𝜆Y∗ |𝜆 > 0}; see Fig. 2 (a)
for an example on a 2D assembly.

Contact-based coordinate-motion assembly. The coordinate-motion

assembly we study is defined as:

Definition 3.1 (Coordinate-motion assembly). An assembly is a

coordinate-motion assembly if it satisfies:

(1) 𝑊 ≠ ∅;
(2) if Y ∈𝑊, then Y𝑖 ≠ Y𝑗 , ∀ 𝑖 ≠ 𝑗 .

We study contact-based assemblies in which the connections

between parts are formed by planar contacts rather than standard

joints. The relative motion space between two parts can be a motion

cone rather than a single line. Such coordinate-motion assemblies

tend to have multiple disassembly solutions; see Fig. 2 (b). This

raises the question of what contact geometry the assembly should

have to ensure unique coordinate motion.

3.2 Relation Between Contact Geometry and Unique

Coordinate Motion

This section studies the inverse problem: given a desired unique

coordinate motion Y∗, what assembly geometry achieves it? We

observe that contacts fall into three categories during disassembly:

those that remain in contact, those that separate instantaneously,

and those that block undesired motions; see Fig. 4. We formalize

this classification as follows:

Definition 3.2 (Contact classification). Let Y∗ ∈ R𝑛 and matrix

B = (b⊺
1
, . . . , b⊺𝑚)⊺ ∈ 𝑀𝑚×𝑛 (R). Classify the row indices of B as:

• 𝐼sld = {𝑖 |b𝑖Y∗ = 0} (sliding contacts);
• 𝐼spt = {𝑖 |b𝑖Y∗ > 0} (separating contacts);

• 𝐼blk = {𝑖 |b𝑖Y∗ < 0} (blocking contacts).

We call {𝐼sld, 𝐼spt, 𝐼blk} the contact classification of velocity Y∗.

The classification is well-defined because 𝐼sld, 𝐼spt, and 𝐼blk are

pairwise disjoint, and their union is {1, 2, . . . ,𝑚}. The sliding con-
tacts in 𝐼sld confine the disassembly motion to a lower-dimensional
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Fig. 4. Different intended disassembly motions give different contact classi-

fications. With the red part fixed, the remaining parts are pulled along two

directions (a&b). The same contact may behave differently under different

motions. We classify contacts as sliding (in green), separating (in blue), or

blocking (in red).

subspace. If they completely block all motions orthogonal to Y∗, the
feasible motions are confined to {𝜆Y∗ |𝜆 ∈ R}, yielding a unique dis-

assembly motion. This observation leads to the following equivalent

condition for a unique disassembly motion:

Proposition 3.3 (Uniqe disassembly conditions). Let vector
Y∗ ∈ R𝑛 , matrix B = (b⊺

1
, . . . , b⊺𝑚)⊺ ∈ 𝑀𝑚×𝑛 (R), set𝑊 = {Y ∈

R𝑛 |BY ≥ 0,Y ≠ 0}, and {𝐼sld, 𝐼spt, 𝐼blk} is the contact classification of
Y∗. The following two statements are equivalent:

(1) 𝑊 = {𝜆Y∗ |𝜆 > 0};
(2) The following conditions hold:
(a) ∀ v ∈ Y∗⊥ \ {0}, ∃ 𝑗 ∈ 𝐼sld, b𝑗v < 0 (sliding condition);
(b) 𝐼spt ≠ ∅ (separating condition);
(c) 𝐼blk = ∅ (blocking condition).

Please refer to the supplementary material for a general version of

Proposition 3.3 and its proof. We provide a geometric interpretation

of this proposition.𝑊 is a polyhedral cone, and unique disassembly

motion means that this cone consists of a single extreme ray. Let

span(𝑊 ) denote the minimal linear subspace containing𝑊 . We in-

terpret dim(span(𝑊 )) as the disassembly degree of freedom (DOF). In

the case of unique coordinate motion, dim(span(𝑊 )) = 1. The slid-

ing condition implies that the sliding contacts in 𝐼sld must completely

block all motions within the orthogonal complement space𝑊 ⊥. By
doing so, they reduce the disassembly DOFs by exactly dim(𝑊 ⊥).
The separating condition ensures that contacts in 𝐼spt block valid

motions in the reverse direction (i.e., motions in span(𝑊 ) \𝑊 ).

Finally, the blocking condition requires 𝐼blk be empty; otherwise,

these contacts would prevent the intended motion Y∗.
We give an example to illustrate the above proposition.

Example 3.4. Two parts 𝑃1 and 𝑃2 are in R2
with three flat con-

tacts with normals n1, −n1, and n2, where n2 ⊥ n1; see Fig. 5. For

simplicity, we ignore rotational motion. Fix 𝑃2 (i.e., Y2 = 0), and
Eq. (1) yields:

BY =


n⊺

1

−n⊺
1

n⊺
2

 Y1 ≥ 0, s.t. Y1 ≠ 0. (2)

Let Y∗ = n2. Then {𝜆Y∗ | 𝜆 > 0} is the complete solution set. The

contact classification satisfies the conditions in Proposition 3.3:

(a) 𝐼sld = {1, 2}: For any v ∈ Y∗⊥\{0}, we have v ∥ n1, so n1v < 0

or −n1v < 0;

Algorithm 1: Algorithm to verify if an assembly A pos-

sesses a unique coordinate motion.

Input: assembly A
Output: "True" iff A has a unique coordinate motion

1 B← ComputeContactMatrix(A) // Eq. (1)

2 Y∗ ← DeadlockTest(B) // Linear program (4)

3 if Y∗ = 0 then
4 return False // Assembly is in deadlock

5 if ∃ 𝑖 ≠ 𝑗 s.t. Y∗𝑖 = Y∗𝑗 then
6 return False // Not coordinate motion

7 (𝐼sld, 𝐼spt) ← ClassifyContacts(B,Y∗) // Def. 3.2

8 B̃← ProjectContacts(𝐼sld,B,Y∗⊥) // Eq. (3)

9 ṽ← DeadlockTest(B̃)
10 if ṽ ≠ 0 then
11 return False // Sliding condition fails

12 if 𝐼spt = ∅ then
13 return False // Separating condition fails

14 return True

Fig. 5. Illustration of Example 3.4. When fixing part 𝑃2, part 𝑃1 can only

move along the direction of Y∗.

(b) 𝐼spt = {3};
(c) 𝐼blk = ∅.

The two sliding contacts block all motions orthogonal to Y∗, re-
ducing the disassembly degree of freedom to one. The separating

contact blocks motions opposite to Y∗, i.e., {𝜆Y∗ |𝜆 < 0}.

This proposition provides a design principle: given a desired

unique coordinate motion Y∗, the assembly geometry must sat-

isfy the three conditions in Proposition 3.3. Our design algorithm

searches for contact geometries that satisfy these conditions.

3.3 Unique Coordinate Motion Test

An assembly has unique coordinate motion if and only if it has a

unique disassembly solution with distinct part motions. Algorithm 1

tests whether a given assembly has a unique coordinate motion. It

proceeds in three steps. First, we compute one disassembly motion

Y∗ by solving Eq. (1) using the linear program (4) (discussed later).

Second, we verify that Y∗ represents coordinate motion by checking

that all parts move distinctly: Y∗𝑖 ≠ Y∗𝑗 for all 𝑖 ≠ 𝑗 . Third, we verify

uniqueness by enforcing the three conditions from Proposition 3.3:

the separating condition is checked explicitly, and the blocking

condition is satisfied by definition since Y∗ is a valid motion. The
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Fig. 6. Overview of our approach. (a) Given a target global shape and a desired coordinate motion, (b) we place a reference sphere inside the shape, and (c)

partition it according to the prescribed coordinate motion to initialize an abstract contact model (Sec. 5.1). (d) Next, we optimize the abstract contact model to

enforce unique coordinate motion (Sec. 5.2). (e) Finally, we construct full part geometries by clipping with the global shape (Sec. 4.2) and enforcing fabrication

constraints (Sec. 5.3). (f) A 3D printed prototype that validates the physical feasibility and motion correctness of the designed assembly.

sliding condition, however, requires verifying deadlock within a

specific subspace, which we formulate next.

Sliding condition test. We project the sliding contact constraints

into the subspace Y∗⊥ as follows. Let E ∈ 𝑀𝑛×(𝑛−1) (R) be a basis
matrix ofY∗⊥, so that any deviationmotion v ∈ Y∗⊥ is parameterized

as v = Eṽ. Let Bsld denote the submatrix of B containing only

the sliding contact rows. We define the projected contact matrix as

B̃ = BsldE. The sliding condition holds if and only if the following

reduced system has no non-trivial solution:

B̃ṽ ≥ 0, s.t. ṽ ≠ 0. (3)

This reduces the sliding condition verification to a standard deadlock

test on B̃.

Deadlock test. Following [Wang et al. 2019], the deadlock test

determines whether Eq. (1) admits a non-zero solution by solving:

max

𝑚∑︁
𝑖=1

𝑡𝑖 , s.t. BY ≥ t, 0 ≤ 𝑡𝑖 ≤ 1, (4)

where vector t = (𝑡1, . . . , 𝑡𝑚)⊺ . The input to the deadlock test algo-

rithm is the matrix B. If the assembly is in deadlock, the output is 0;
otherwise, return a non-zero solution Y.

4 Modeling Coordinate-Motion Assemblies

In this section, we present our geometric modeling framework for

coordinate-motion assemblies. We first introduce a parametric repre-

sentation for the contact interfaces, and then describe the procedure

for constructing full volumetric parts that match the target global

shape.

4.1 Modeling Contact Interfaces

Motivation. Standard polygonal mesh representations are not

suitable for designing coordinate-motion assemblies because kine-

matic feasibility is governed by contacts rather than vertex posi-

tions. Specifically, satisfying the unique disassembly conditions

(Proposition 3.3) requires multiple sliding contacts with normals

precisely perpendicular to relative velocity vectors. Enforcing such

constraints by direct vertex manipulation is ineffective and prone to

numerical instability. Instead, we employ a parametric model that

explicitly defines sliding contact faces as the primary design vari-

ables, effectively decoupling kinematic constraints from the global

shape.

Fig. 7. Geometry modeling. (a) Sliding contact faces are parameterized by

line segments (in green). (b) Connecting faces (in blue) join them into a

continuous sequence that forms the closed contact interface between a part

pair. (c) We cut the global shape (in gray) with the volumes derived from

these faces to obtain (d) the final part geometries.

Contact representation. We represent the sliding contacts between

two parts 𝑃𝑖 and 𝑃 𝑗 as a set of𝑛𝑖 𝑗 planar faces derived from offsetting

a set of line segments, indexed by 𝑘 = 1, . . . , 𝑛𝑖 𝑗 . The geometry is

defined by:

• Sliding line segments. We define a set of segments ℓ𝑖 𝑗,𝑘 , each

parametrized by a center point c𝑖 𝑗,𝑘 and extents 𝑙0
𝑖 𝑗,𝑘
, 𝑙1
𝑖 𝑗,𝑘

> 0.

The segment direction is aligned with the relative translational

velocity t𝑖 𝑗 ; see Fig. 7 (a). This construction guarantees that any

plane containing this segment automatically produces sliding

contacts.

• Offset direction. Each segment has an offset direction d𝑖 𝑗,𝑘 used
to generate the planar face. This direction lies in the face and is

orthogonal to the face normal. This vector is orthogonal to t𝑖 𝑗
and is parameterized by an angle 𝜃𝑖 𝑗,𝑘 around the axis of t𝑖 𝑗 .

Loop generation. Because the sliding segments are parallel to

each other, they are spatially disjoint. Consequently, the sliding

faces alone do not form a continuous interface between parts. We

therefore introduce connecting segments (shown in blue in Fig. 7 (b))

that bridge the gaps between sliding segments. Together with the

sliding segments, they form a closed polyline loop for each part near

the target shape surface. Unlike sliding faces, the orientation of the

faces derived from connecting segments is flexible; they need only

avoid violating the blocking condition. If a connecting face violates

this condition, it can typically be rotated to become a sliding face

without introducing interferences.
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4.2 Modeling Full Part Geometry

Once the contact face loops are determined, we generate the final

volumetric geometry in two steps:

(1) Primitive construction. We construct a watertight primitive for

each part by connecting the inward-facing edges of the contact

face loop to a central point 𝐶ref, and extending the outward-

facing edges along the disassembly direction far enough to en-

sure complete enclosure.

(2) Shape integration. The final part geometry is obtained by com-

puting the Boolean intersection between these constructed prim-

itives and the target global shape mesh; see Fig. 7 (d).

5 Designing Coordinate-Motion Assemblies

We aim to design physically feasible coordinate-motion assemblies,

taking the user-specified global shape and part moving directions

as inputs. A straightforward approach would be to directly search

the geometric parameters, constructing parts and evaluating their

motion at each step. However, this is computationally inefficient

due to the high cost of constructing watertight geometry, and inef-

fective as direct search rarely converges to valid solutions. Instead,

we propose a two-stage strategy decoupling kinematic constraints

from geometry realization; see Fig. 6. First, the kinematic design

stage optimizes a set of contact proxies to satisfy the sliding condi-

tion, avoiding expensive mesh operations. Second, the geometry

realization stage constructs full parts only for kinematically valid

candidates.

5.1 Initialization

Reference sphere. Because coordinate motion relies on internal

contacts rather than the appearance of parts, we embed a sphere

inside the input mesh as reference, similar to [Xin et al. 2011]; see

Fig. 6 (b). The default offset direction of contact faces is from line

segment centers to the sphere center. The central point 𝐶ref used

in volume closure is also set as the sphere center. This sphere only

serves as an internal proxy for initializing contacts and volume

closure. It does not restrict the target shape, although very complex

inputs may still lead to realized parts with disconnected components

and/or fragile features.

Contact initialization. We determine the assembly contact graph

(nodes represent parts and edges represent contact interfaces) by

partitioning the reference sphere based on disassembly directions.

We define the halfspace for part 𝑃𝑖 relative to 𝑃 𝑗 as 𝐻𝑖 𝑗 = {x ∈
R3 | (t𝑖 − t𝑗 ) · x ≥ 0}. A suitable placement region for part 𝑃𝑖 is the

convex cone 𝐹𝑖 =
⋂
𝑗≠𝑖 𝐻𝑖 𝑗 . They form a partition of R3

: 𝐹𝑖
⋂
𝐹 𝑗 = ∅

for all 𝑖 ≠ 𝑗 , and
⋃
𝑖 𝐹𝑖 = R3

. Although our formulation allows differ-

ent velocity magnitudes across parts, we use the same magnitude in

all our results. This avoids empty cone partitions except in extreme

cases. Intersecting {𝐹𝑖 } with the reference sphere yields a partition

of the sphere surface; see Fig. 6 (c). The adjacent partition regions

define the contact graph edges. We initialize c𝑖 𝑗,𝑘 evenly along the

boundary curves 𝛾𝑖 𝑗 .

Fig. 8. Common fabrication issues (left) and their post-processing results

(right). In each zoomed view: (top) a disconnected component (a bunny

ear) is merged into the main body; (middle) thin features are thickened

to improve structural robustness; (bottom) contact faces are narrowed to

eliminate part intersections.

5.2 Kinematic Design

In the kinematic design stage, we search for contact face parameters

that satisfy the constraints for unique coordinate motion without

constructing watertight parts. We validate successful candidates in

the geometry realization stage.

Contact proxies. Because unique coordinate motion depends pri-

marily on sliding contacts, we avoid expensive CSG operations by

approximating sliding faces as square patches (contact proxies); see

Fig. 6 (d). We offset each line segment ℓ𝑖 𝑗,𝑘 to obtain four corner

points. Let p0

𝑖 𝑗,𝑘
and p1

𝑖 𝑗,𝑘
denote the segment endpoints. The four

corner points are defined as:

q𝜁 ,𝜂
𝑖 𝑗,𝑘

= p𝜁
𝑖 𝑗,𝑘
+𝑤𝜂d𝑖 𝑗,𝑘 , 𝜁 , 𝜂 ∈ {0, 1}, (5)

where𝑤0 ≤ 0 and𝑤1 ≥ 0 control the face width. Given the reference

sphere radius 𝑅, we set𝑤0 = −0.1𝑅,𝑤1 = 0.3𝑅 for a conservative es-

timate. The projected contact matrix B̃ in Eq. (3) is then constructed

from the corner points and square patch normals.

Optimization. Since the sliding condition is equivalent to the

deadlock condition,we use a deadlock measure as the optimization

objective. Previous work has assessed motion infeasibility either

over restricted motion sets [Whiting et al. 2009] or over all motions

with high computational cost [Chen et al. 2024]. We use the optimal

objective value of the linear program (4) as our deadlock measure,

denoted by 𝐸kinematic. When a candidate satisfies the target motion

constraints, 𝐸kinematic = 0. We solve:

min

ℓ𝑖 𝑗,𝑘 , d𝑖 𝑗,𝑘 , 𝑛𝑖 𝑗
𝐸kinematic (B̃), (6)

where the contact matrix B̃ is constructed from the contact proxies

for each part pair (𝑃𝑖 , 𝑃 𝑗 ). The contact proxies move freely in the

space: segment centers c𝑖 𝑗,𝑘 are constrained to the curve 𝛾𝑖 𝑗 (param-

eterized by 𝑥𝑖 𝑗,𝑘 ∈ [0, 1]), offset directions d𝑖 𝑗,𝑘 are parameterized

by angles 𝜃𝑖 𝑗,𝑘 ∈ [−𝜋, 𝜋), and the extents 𝑙0
𝑖 𝑗,𝑘
, 𝑙1
𝑖 𝑗,𝑘

vary within

[𝑙min, 𝑙max]; in all experiments we set 𝑙min = 0.0 and 𝑙max = 0.4𝑅.

The discrete variable 𝑛𝑖 𝑗 (the number of sliding contact faces) is

coupled with the continuous parameters. We first fix 𝑛𝑖 𝑗 and opti-

mize the continuous parameters using differential evolution [Storn

and Price 1997] with multiple random seeds to explore the design

space. A candidate is valid if 𝐸kinematic = 0 and B̃ has full rank. If
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Fig. 9. Our approach allows modeling coordinate-motion assemblies with various shapes.

no valid candidate is found, we rerun the optimization with in-

creased 𝑛𝑖 𝑗 . This adds degrees of freedom to the contact model by

introducing more sliding contacts, reducing the chance of failure.

5.3 Geometry Realization

In the geometry realization stage, we take a kinematically valid

candidate and construct full part geometry. The constructed parts

must satisfy common fabrication constraints; see Fig. 8.

(1) Connectivity. Each part must form a single connected compo-

nent. We compute connected components of each part after

clipping by the global shape, and merge small disconnected

components into the nearest large component.

(2) Collision. Each part must be a valid watertight surface without

self-intersections and must not intersect any other part. Inter-

sections usually come from overly wide contact faces (large 𝑙𝑖 𝑗,𝑘 )

or excessive segment offsets; see Fig. 8 (bottom). We maximize

offsets by binary search under collision avoidance, then shrink

face widths and reconstruct local geometry when needed.

(3) Fragility. Each part must avoid thin features that are fragile to

fabricate. Various approaches have been proposed to address

fragility in assembly design [Chen et al. 2015; Wang et al. 2021a].

We detect thin regions using the fragility test of [Luo et al.

2012], adding two checks specific to our contact model: (i) small

dihedral angles between adjacent contact faces, and (ii) contact

faces that lie too close to each other.We use a thickness threshold

𝜏𝑑 set to 2% of the global bounding box diagonal, and an angle

threshold 𝜏𝑎 = 18
◦
. When a violation is detected, we locally

adjust the contact faces by translating faces to increase thickness

or widening dihedral angles, until it passes the fragility test or

the candidate is rejected.

Final kinematic validation. When these fabrication constraints

are satisfied, we perform kinematic validation with algorithm 1. If

the current candidate fails this test due to geometric adjustments, it

is discarded. If all candidates fail the test, we return to the kinematic

design stage to search for new solutions while decreasing 𝑙max to

restrict the search space to geometrically safer regions.

6 Results

We implement our approach in C++ using libigl [Jacobson et al.

2018] and CGAL [The CGAL Project 2025] for geometry processing,

and ALGLIB [Bochkanov 2025] for optimization. All experiments

run on a laptop with a 2.5 GHz CPU and 16GB RAM.

Results. Our tool successfully processes a diverse range of ge-

ometries, handling shapes with complex surfaces (e.g., Bimba, Ar-

madillo), objects with deep concave cavities (Vase), and architec-

tural models with sharp features (House); see Fig. 9. It also accommo-

dates higher genus topologies, such as the Fertility model (genus

4); see Fig. 10. Furthermore, our method scales effectively to assem-

blies with a high part count, generating a fifteen-piece Sphere that

maintains a unique coordinate motion; see Fig. 11. Fig. 12 shows de-

tailed disassembly sequences for three examples; please refer to the

accompanying video for additional animations. Table 1 summarizes

the statistics for the results shown in the paper.
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Fig. 10. Our approach can generate coordinate-motion assemblies with

higher-genus shapes, including global surfaces of genus 2 (left) and genus 4

(right).

Fig. 11. We evaluate the scalability of our approach by generating

coordinate-motion assemblies with varying numbers of parts (up to 15).

Comparison with joint-based assemblies. We model a coordinate-

motion assembly for the Dog Bowl model by decomposing the

shape into parts and adding mortise-and-tenon joints; see Fig. 13

(right). Because a linear joint is constrained to lie along a straight

line segment, its length is severely limited by the global circular

shape. Moreover, the thin wall of the bowl restricts the joint width,

resulting in tiny joints. In contrast, our result (Fig. 13 (left)) utilizes

the entire interface surface for contact. Compared to the joint-based

design, our contact-based design has a much larger total sliding

contact area (14.7 vs. 3.1), and yields more structurally sound parts

by avoiding thin and weak joints. Finally, joints often require precise

alignment to avoid jamming, which is difficult in practice.

User guidance. Without user guidance, our method may place

part boundaries in regions the user wants to preserve. To address

this, we allow the user to define protected regions. For each adjacent

Table 1. Statistics for our designed results. Columns 3–8 report the number

of parts (𝐾 ), the maximum number of sliding contact faces between any

part pair (𝑀 = max{𝑛𝑖 𝑗 }), initialization time (𝑇I), kinematic design time

(𝑇K), geometry realization time (𝑇R), and total time (𝑇Σ).

Fig. Shape 𝐾 𝑀
Time (min)

𝑇I 𝑇K 𝑇R 𝑇Σ

9

Vase 3

2

0.04 0.20 0.81 1.05

Bimba 3 0.02 0.08 0.11 0.21

Armadillo 4 0.04 0.19 0.26 0.49

House 5 0.06 1.73 1.12 2.91

Teddy 7 0.07 0.25 0.14 0.46

10

Double Torus

3 2

0.02 0.11 0.07 0.20

Fertility 0.03 0.58 0.10 0.71

11 Sphere

9

2

0.12 0.44 1.05 1.61

12 0.17 0.56 0.24 0.97

15 3 0.18 1.96 0.37 2.51

12

Gargoyle 4

2

0.16 3.45 3.67 7.28

Cow 5 0.07 8.78 0.99 9.84

Duck 8 0.06 0.24 1.59 1.89

14

Max Planck (left)

4 3

0.04 1.39 0.07 1.50

Max Planck (right) 0.05 39.31 0.06 39.42

15

Sphere 6 2 0.08 1.89 0.14 2.11

Torus

3

2

0.05 3.49 0.02 3.56

Pumpkin 0.06 1.33 0.04 1.43

Bunny

3

0.07 0.50 0.38 0.95

Dog Bowl 0.05 0.54 1.21 1.80

16 Sphere 4

2 0.02 1.81 0.01 1.84

3 0.02 1.07 0.01 1.10

4 0.02 2.87 0.02 2.91

part pair (𝑃𝑖 , 𝑃 𝑗 ), we compute the intersection curve 𝐶𝑖 𝑗 between

the contact interfaces and the protected area, and use its length

𝑙 (𝐶𝑖 𝑗 ) to quantify the overlap. We then add a feature preservation

constraint: ∑︁
(𝑖, 𝑗 ) ∈𝐸

𝑙 (𝐶𝑖 𝑗 ) = 0, (7)

where 𝐸 is the part contact graph edge set. We then solve the op-

timization problem (6) using an 𝐿2 penalty. This discourages cuts

through protected regions; see Fig. 14.

Ablation study. We study the effect of𝑀 , the maximum number

of sliding contact faces per part pair (Fig. 16). Larger 𝑀 enlarges

the feasible set for satisfying uniqueness. In this example, 𝑀 = 1

fails,𝑀 = 3 is fastest (1.07 min vs. 1.81 for𝑀 = 2). When𝑀 = 4, the

feasible set becomes even larger, but the higher-dimensional search

space slows optimization to 2.87 min. Overall, in this example,𝑀 = 3

offers a good trade-off between design feasibility and optimization

cost.

Fabrication. We fabricate five assemblies of our design using SLA

3D printing; see Fig. 15. All prototypes assemble successfully and

require the precise, designed coordinate motions to disassemble. In

the Torus example, individual part pairs have at most two sliding

contact faces (𝑀 = 2), implying non-unique pairwise motions. Nev-

ertheless, the full assembly enforces a unique disassembly motion

due to the global contact design. We also fabricate models with

𝑀 = 3 and observe that they exhibit greater stability during the

sliding phase. We perform stability tests on our six-piece Sphere
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Fig. 12. We show the disassembly of three results via coordinate motion of the component parts.

Fig. 13. Comparison between our contact-based design (left) and a joint-

based design (right) for Dog Bowl. Adapting joints to the rounded global

shape forces them to be short and narrow, while our approach uses global

contact over the whole shape.

and three-piece Pumpkin assemblies. Both prototypes demonstrate

robust structural stability, remaining fully intact when thrown and

successfully withstanding the impact shocks from catching or drop-

ping. The six-piece Sphere assembly has a convex global shape,

making manual disassembly difficult. Instead, we demonstrate dis-

assembly by spinning the sphere rapidly on a table; the centrifugal

force pulls all parts outward simultaneously, separating the assembly

along the unique coordinate motion. Please refer to the accompany-

ing video for these physical results.

Fig. 14. Users can select a protected region (middle) to preserve salient

features during part decomposition. Compared to the result without user

guidance (left), our guided design better preserves the human facial features

(right).

7 Conclusion

This paper studies the design of contact-based coordinate-motion

assemblies that have a unique coordinate motion and match a global

shape specified by users. We derive theoretical conditions that guar-

antee uniqueness of the disassembly motion and present a corre-

sponding test algorithm for unique coordinate motion. Building on

the results, we introduce a two-stage strategy that models contact-

based geometry and optimizes it to satisfy the conditions for unique

coordinatemotion.We then generate full part geometries that realize

the optimized contact faces while satisfying fabrication constraints
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Fig. 15. The disassembly sequence of our 3D-printed results. The fabricated prototypes confirm that our designs realize the intended disassembly via unique

coordinate motion.

Fig. 16. Ablation study on the maximum number of sliding contact faces

between any part pair (𝑀). Larger𝑀 provides more sliding contacts, which

not only enlarges the design space but also increases the shape complexity

of the parts.

and matching the target shape. Our approach supports a wide range

of target shapes, part counts, and assembly topologies while preserv-

ing the intended motion behavior. We validate our method through

extensive experiments and by fabricating physical prototypes that

demonstrate correct motion and structurally stable assemblies.

Limitations and future work. Our work has several limitations that

open up interesting directions for future research. First, our theoreti-

cal analysis relies on infinitesimal rigid motions; hence, an assembly

might lose the unique coordinate motion property after a small finite

displacement. Future work could test uniqueness at sampled disas-

sembly states to quantify robustness under finite motion. Second,

our strongest guarantees hold for the abstract contact model; ge-

ometry realization may alter a kinematically valid candidate, so the

final geometry must be revalidated. Future work could characterize

and reduce this gap. Third, we do not analyze assembly stability in

terms of physical forces and torques. Incorporating physics-based

analysis, such as using the minimum friction required for stability

as a quality metric, would allow for optimizing resistance against

unintended separation forces.
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