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Tooth pairs in conjugation

Total weight: 800g

Fig. 1. We present a computational approach for modeling a new class of gear mechanisms called multi-point conjugation gear mechanisms that generate

user-specified 3D motion under external loads. Using our approach, we model and fabricate a low-cost manipulator driven by a single actuator to perform a

pick-and-place task while lifting a tray loaded with four 200g weights (totaling 800g).

Gears transmit rotary motion via meshing teeth, with circular gears com-

monly used to produce constant-speed rotation and non-circular gears en-

abling variable-speed rotation. In order to generate complex motion, gears

are typically combined with other mechanical parts such as linkages, cam-

followers, and belts, which often leads to complex structures and reduced

transmission efficiency. To address these limitations, recent research has

been investigating non-conventional gears that can transfer complex motion

while preserving key properties of gears, such as compactness, high trans-

mission efficiency, and load-bearing capability. In this paper, we present a

new gear mechanism called the multi-point conjugation gear mechanism
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for exactly generating a user-specified 3D motion under external loads. The

mechanism contains a single pair of gears modeled by a pair of conjugate

surfaces with multiple conjugation points. We introduce an optimization-

based approach that designs this new gear mechanism by modeling multiple

sub-gear pairs that satisfy multi-point conjugation and fabricability require-

ments, whose load-bearing performance is quantified using a measure of

dynamic form closure. We demonstrate the effectiveness of our approach

by modeling various multi-point conjugation gear mechanisms that gener-

ate different kinds of motions, evaluating their kinematic performance and

load-bearing performance using 3D printed prototypes, and presenting two

application examples.
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1 Introduction

Gears are fundamental mechanisms that mesh together via teeth and

are used to transfer rotary motion from one shaft to another. The
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most common type is the circular gear, widely used for transferring

rotary motion with a constant velocity ratio, such as spur gears for

parallel shafts and bevel gears for intersecting shafts. Generalizing

gear shapes from circular to non-circular enables variable-speed

transmission [Litvin et al. 2009]. To generate complex motion be-

yond simple axial rotation, gears typically need to be combined

with other mechanical components such as linkages [Coros et al.

2013], cam-followers [Zhu et al. 2012], and belts [Ceylan et al. 2013].

However, these compound mechanisms often result in large volume,

poor dynamic balance, complex structures, and reduced transmis-

sion efficiency, and are particularly sensitive to the accumulation of

manufacturing and assembly errors.

To address the above limitations, researchers are investigating

non-conventional gears capable of generating motion beyond axial

rotation, including non-circular bevel gears that generate rotation

and axial translation [Hou and Lin 2020; Hu et al. 2021], spheri-

cal gears that output 3-DOF rotational motion driven by 4 actu-

ators [Abe et al. 2021], and puzzle gears in which a single gear

drives the spatial motions of multiple mated gears [Matsumoto and

Segerman 2023; van Deventer 2019]. These non-conventional gears

extend the motion generation capabilities of traditional gears, while

aiming to preserve key properties of gears such as compact layouts,

high transmission efficiency, and load-bearing capability. With in-

creased geometric complexity, these non-conventional gears are

typically fabricated using additive manufacturing techniques.

Following prior research on non-conventional gears, this paper

aims to generalize conventional gear mechanisms to 3D freeform
gear mechanisms, enhancing their motion transmission ability while

preserving the inherent load-bearing capability of gears. This is

motivated by practical applications, where mechanisms are usually

required to generate complex motions while remaining functional

under external loads. Recently, Chen et al. [2024] proposed a multi-

point conjugation mechanism (mpcMech) that can generate a 3-DOF

motion exactly by satisfying the dynamic form closure condition. In-

spired by this work, our idea is to model a pair of conjugate surfaces

with multiple conjugation points as the gear geometry, forming a

multi-point conjugation gear mechanism (mpcGear). By satisfying

the dynamic form closure condition, a mpcGear can also generate a

complex motion from a single actuator. However, realizing such a

mpcGear introduces two main challenges. First, it is non-trivial to

model a pair of fabricable gear surfaces that maintain multiple con-

jugation points throughout the motion. Second, it remains unclear

how to quantify the load-bearing characteristics of such mecha-

nisms. To address these challenges, our work makes the following

contributions:

• We extend the dynamic form closure theory by introducing a

quantitative measure of dynamic form closure, which not only

determines whether a mechanism with multi-point conjugation

can ensure continuous motion transmission, but also enables

evaluation of its load-bearing performance.

• We develop an optimization-based approach to model the geome-

try of amulti-point conjugation gearmechanism for exactly gener-

ating a user-specified motion in 𝑁 -DOF motion space, 1 ⩽ 𝑁 ⩽ 4.

The approach models multiple sub-gear pairs (each composed

of multiple tooth pairs) satisfying multi-point conjugation, and

geometry fabricability, whose load-bearing performance is quan-

tified and guided by the measure.

To demonstrate the effectiveness of our approach, we model a

variety of multi-point conjugation gear mechanisms that generate

motions in different kinds of motion spaces, evaluate their kinematic

and load-bearing performance through physical experiments using

3D printed prototypes, and present two application examples to

show the practical value of the new mechanism.

2 Related Work

Mechanism design. Mechanism design aims to design the geome-

try of a mechanism that transfers an input motion to a user-specified

output motion with desired kinematic characteristics, such as a tar-

get trajectory or a sequence of rigid-body poses. Many studies in

the graphics community design mechanisms by combining conven-

tional mechanical components of simple geometry, such as linkages,

cams, pulleys, joints, and gears, for practical applications including

walking machines [Bharaj et al. 2015; Mannhart et al. 2020], mechan-

ical characters [Coros et al. 2013; Megaro et al. 2014; Thomaszewski

et al. 2014], drawingmachines [Liu andMcCarthy 2017; Roussel et al.

2018; Takahashi and Okuno 2018], mechanical toys [Zhu et al. 2012],

mechanical figures that mimic human motions [Ceylan et al. 2013],

wind-up toys [Song et al. 2017], mechanical papercrafts [Oh et al.

2017], kinetic wire characters [Xu et al. 2018], multi-pose mechani-

cal objects [Nishida et al. 2019], robotic characters [Maloisel et al.

2023], clock mechanisms [Commin et al. 2025], and conformable

mechanisms [Li et al. 2025]. With advances in additive manufac-

turing, researchers are developing novel mechanisms composed of

mechanical components with non-standard geometries to accom-

plish increasingly complex motion tasks, including 3D cam-follower

mechanisms for exact 2D path generation [Cheng et al. 2021], 3D

cam-linkage mechanisms for exact 3D path generation [Cheng et al.

2022], and multi-point conjugation mechanisms for exact 3D motion

generation [Chen et al. 2024].

Gear mechanism. Conventional gear shapes have long been con-

strained by traditional manufacturing processes such as milling

and broaching [Gupta et al. 2017]. With modern digital fabrication,

particularly 3D printing, gears with non-standard geometry can

now be fabricated accurately and efficiently. This has enabled a va-

riety of non-conventional gear designs for previously unattainable

motion transfer tasks, including variable-speed non-circular bevel

gears [Lv et al. 2016; Zheng et al. 2016], oval non-circular bevel

gears that generate axial translation and rotation [Hou and Lin

2020], curve-face gears for a spatial finite helical motion [Hu et al.

2021], a spherical gear mechanism in which the 3-DOF rotation of a

cross spherical gear is driven by the respective 2-DOF rotation of

twomonopole gears [Abe et al. 2021], puzzle gears in which a 1-DOF

rotation or translation of a single gear drives the spatial motions

of multiple mated gears for recreational purposes [Matsumoto and

Segerman 2023; van Deventer 2019]. In addition, Xu et al. [2020]

proposed a computational method to model non-circular gears that

resemble a pair of given shapes. While the above works focus on

non-conventional gears with specific kinematics or shapes, we aim

to generalize gear mechanisms toward multi-point conjugation, to

advance their complex motion transmission ability. To the best of
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support follower-support joint

driver-support joint

driver-follower joint
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Fig. 2. A multi-point conjugation gear mechanism (mpcGear_3R) consists of

a driver gear, a follower gear, a support, and the joints connecting them. An

end-effector is attached to the follower gear to visualize the user-specified

motion. Here, the follower-support joint is a spherical joint.

our knowledge, no existing gear mechanism consisting of a single

gear pair driven by a single actuator is able to generate motions in

motion space with more than 2 DOFs.

Conjugate curves/surfaces. The theory of conjugate curves or sur-

faces [Chen 1978] describes the necessary conditions for a pair of

curves or surfaces to maintain continuous and tangent contact un-

der a prescribed motion law. In the past decade, this theory has

been widely applied to model gears with freeform tooth profiles

and achieve improved mechanical properties, as the tooth curves or

surfaces of a pair of mated planar or spatial gears are a pair of con-

jugate curves or surfaces [Wu and Luo 1992]. Notable developments

based on conjugate curves and surfaces modeling include freeform

conjugation theory and master-slave approach for 2D gears [Yu and

Ting 2011, 2013a], extensions to spur and bevel gears by modeling

3D conjugate curves and deriving freeform or circular-arc tooth

surfaces [Chen et al. 2014a,b; Yu and Ting 2013b], and helical gears

with triple contact points modeled by three pairs of equidistant

conjugate curves, which exhibit improved load capacity [Zhang

et al. 2019]. While all the above gears are limited to transferring 1-

DOF rotation to another 1-DOF rotation, Chen et al. [2024] recently

proposed a multi-point conjugation mechanism that can transfer

1-DOF rotation to 𝑁 -DOF motion (1 ⩽ 𝑁 ⩽ 3) by modeling multiple

conjugate curve pairs and satisfying the dynamic form closure condi-

tion. Building on this idea, our mpcGears satisfy the same condition

and further aim to generate complex motions while preserving the

load-bearing capability of gears.

3 Problem Formulation and Overview

Given a user-specified continuous periodic rigid-body motion in 3D

space as input, our problem is to model a gear mechanism containing

a single pair of gears that exactly generates this motion from a single

actuator. This gear mechanism should satisfy:

(1) Working mechanism. The driver gear is able to drive the follower
gear to perform the user-specified motion smoothly, continu-

ously, and without collision.

(2) Load-bearing mechanism. Under external loads, the mechanism

should keep the follower gear following the specified motion.

(3) Fabricable mechanism. The mechanism must be fabricable (e.g.,

via 3D printing), avoiding fragile features, particularly exces-

sively thin gear teeth.

Multi-point conjugation gear mechanisms. We model the gear me-

chanism as a multi-point conjugation gear mechanism (mpcGear). A

mpcGear consists of 3 mechanical parts: a driver gear performing a

periodic 1-DOF rotation driven by a single actuator; a follower gear
performing the user-specified motion driven by the driver gear; a

support staying static to hold the gears; see Figure 2. The mecha-

nism includes 3 mechanical joints: a driver-support joint, which is

a revolute joint enabling the 1-DOF rotation of the driver gear; a

follower-support joint, which determines the motion space of the

follower gear (e.g., a spherical joint for the 3-DOF rotational motion

space); a driver-follower joint, modeled as a multi-point conjugation

joint that maintains multiple conjugation points between the driver

gear and the follower gear during motion transmission. Modeling

the driver-follower joint is the key to this mechanism.

Classification of mpcGears. mpcGears are classified according to

the motion space determined by the follower-support joint. Each

class is denoted as mpcGear_𝑁𝑅R𝑁𝑇T, where 𝑁𝑅 and 𝑁𝑇 represent

the rotational and translational degrees of freedom (DOFs) of the

motion space of the follower gear. For example, mpcGear_3R gen-

erates a motion in 3-DOF rotational motion space; see Figure 2. In

this paper, we show four classes of mpcGears, categorized by the

type of the follower-support joint: mpcGear_1R (revolute joint),

mpcGear_1R1T (cylindrical joint), mpcGear_3R (spherical joint),

and mpcGear_3R1T (moving spherical joint); see Figure 9.

Overview of our approach. Our task is to model a pair of conjugate

surfaces with multiple conjugation points as the surfaces of the gear

pair. To ensure a workingmechanism, this surface pair should satisfy

the dynamic form closure condition in [Chen et al. 2024]. Thus,

Section 4.1 reviews the theory of conjugate surfaces withmulti-point

conjugation and the dynamic form closure condition. To evaluate

the load-bearing performance, Section 4.2 introduces a measure

of dynamic form closure, which also enables a reformulation of

the original condition. Finally, Section 5 presents an optimization-

based approach for modeling a working, load-bearing, and fabricable

mpcGear.

4 Measure of Dynamic Form Closure

In our mpcGear, we model the geometry of the gears as a pair

of conjugate surfaces with multiple conjugation points. In order

to ensure continuous motion transmission, the conjugate surface

pair should satisfy the dynamic form closure condition proposed

in [Chen et al. 2024]. Section 4.1 reviews the relevant theoretical

background from [Chen et al. 2024]. To evaluate the load-bearing

performance of mechanisms with multiple conjugation points, Sec-

tion 4.2 introduces a measure of dynamic form closure.

4.1 Background: Theory of mpcMech

In a mpcMech, the driver surface S1 and the follower surface S2 are
modeled as a pair of conjugate surfaces with 𝐾 conjugation points.

Under the dynamic form closure condition, the conjugate motion

𝜙1
of S1 can drive the conjugate motion 𝜙2

of S2 continuously.

Multi-point conjugation. Each conjugation point on the conjugate

surface pair should satisfy the four conditions of single-point con-

jugation at any instant of motion: (1) Coincide contact point. The
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(a) (b)

Fig. 3. (a) A pair of conjugate surfaces with 3 conjugation points at time 𝑡 .

The driver and follower surfaces are shown in green and yellow, respectively.

(b) The measure of dynamic form closure𝑄 (𝑡 ) is defined as the distance

from 0 to the boundary of the attainable effective wrench set W(𝑡 ) .

two surfaces must coincide at the same contact point. (2) Coincide
contact normal. At the contact point, their surface normals must

be collinear but opposite in direction. (3) Relative velocity. The rel-
ative velocity must be perpendicular to the normal direction. (4)

Induced normal curvature. The induced normal curvature along any

tangential direction must be nonnegative. Please refer to [Chen

et al. 2024] for their explicit expressions. Together, these four con-

ditions ensure tangential contact at the conjugation point without

immediate separation or interpenetration. The latter two conditions

are automatically satisfied by our modeling approach. We denote

the position and unit contact normal (pointing into the follower

surface) of the 𝑘-th conjugation point at time 𝑡 by p𝑘 (𝑡) and n𝑘 (𝑡),
respectively, 1 ⩽ 𝑘 ⩽ 𝐾 ; see Figure 3(a).

Dynamic form closure condition. Form closure is a classical con-

cept in grasping for immobilizing rigid objects [Lakshminarayan

1978]. A set of frictionless contacts achieves (first-order) form clo-

sure if their positions and normals geometrically restrain any infini-

tesimal rigid motion of an object. In our setting, continuous motion

transmission requires the driver surface to dynamically form close
the follower surface throughout the motion. That is, at any time

𝑡 , the multiple conjugation points restrain all infinitesimal rigid

motions within the follower surface’s motion space.

We represent an infinitesimal rigid motion by the nonzero gener-

alized velocity u = [v⊤,𝝎⊤]⊤ ∈ R6
, where v and 𝝎 are the linear

and angular velocities, respectively. Without loss of generality, we

restrict u to unit norm, i.e., ∥u∥ = 1. We assume the driver surface

and the follower surface perform periodic motions with period 𝑇

and maintain 𝐾 conjugation points at any time 𝑡 ∈ [0,𝑇 ). The set of
infinitesimal rigid motions of the follower surface restrained by the

𝑘-th conjugation point p𝑘 (𝑡) with normal n𝑘 (𝑡) at time 𝑡 is𝑈𝑘 (𝑡) =
{ u | n̂𝑘 (𝑡) · u < 0 }, where n̂𝑘 (𝑡) = [ n𝑘 (𝑡)⊤, (p𝑘 (𝑡) × n𝑘 (𝑡))⊤ ]⊤
is the generalized normal. To achieve form closure on the follower

surface for any 𝑡 ∈ [0,𝑇 ), the 𝐾 conjugation points with normals

{(p𝑘 (𝑡), n𝑘 (𝑡))} should restrain all infinitesimal rigid motions of

the follower surface, yielding the dynamic form closure condition:

𝑈 ⊂
⋃

1⩽𝑘⩽𝐾

𝑈𝑘 (𝑡), ∀ 𝑡 ∈ [0,𝑇 ), (1)

where 𝑈 is the infinitesimal 𝑁 -DOF motion space of the follower

surface, defined by the 𝑁 -DOF follower-support joint as the set

of all unit-norm infinitesimal rigid motions allowed by the joint.

For example, when the user-specified motion is a 3-DOF rotation,

the follower-support joint is chosen as a spherical joint. Thus𝑈 =

{ [0,𝝎⊤]⊤ | ∥𝝎∥ = 1 }, called a 3-DOF motion space. A necessary

condition for Equation (1) is that the number of the conjugation

points, 𝐾 , satisfies

𝐾 ⩾ 𝑁 + 1. (2)

To exclude the degenerate case𝑈
⋂
𝑈𝑘 (𝑡) = ∅, we require:

n̂𝑘 (𝑡) ̸⊥ 𝑈 , ∀ 𝑡 ∈ [0,𝑇 ), 1 ⩽ 𝑘 ⩽ 𝐾. (3)

4.2 Measure of Dynamic Form Closure

Under the dynamic form closure condition in Equation (1), the driver

surface can continuously drive the follower surface to perform a

motion. In practical applications, however, it is also important for the

mechanism to maintain motion transmission while bearing external

loads, such as payloads in robotic manipulation.

To quantify the load-bearing performance of a mechanism with

multi-point conjugation that satisfies the dynamic form closure

condition, we draw inspiration from [Cornellà and Suárez 2009].

Specifically, maintaining motion transmission under external loads

requires the driver surface to counteract the components of external

forces and torques that can induce rigid motions allowed by the

follower-support joint, i.e., the components projected onto span(𝑈 ),
the linear space spanned by the motion space 𝑈 . We therefore de-

fine an effective wrench as the wrench projected onto span(𝑈 ). At
time 𝑡 , we define the measure as the worst-case attainable effective

wrench magnitude over all motion directions in𝑈 : for each direc-

tion in𝑈 , we consider the maximum effective wrench magnitude

in that direction, and then take the minimum over all directions.

Equivalently, this measure is the distance from the zero vector 0
to the boundary of the attainable effective wrench set W(𝑡); see
Figure 3(b). Moreover, we show that W(𝑡) = conv( {n𝑘 (𝑡)}1⩽𝑘⩽𝐾 ),
where conv(·) is the convex hull operator and n𝑘 (𝑡) is the projection
of the generalized normal n̂𝑘 (𝑡) onto span(𝑈 ). Thus, the measure

can be expressed as

𝑄 (𝑡) = − dist(0, 𝜕 conv( {n𝑘 (𝑡)}1⩽𝑘⩽𝐾 )), (4)

where dist(·, ·) denotes the signed distance operator, taken as neg-

ative inside the convex hull, and 𝜕 denotes the boundary operator

taken relative to span(𝑈 ). The supplementary material provides a

detailed derivation of 𝑄 (𝑡) for the above formulation and further

shows that the dynamic form closure condition in Equation (1) is

equivalent to 𝑄 (𝑡) > 0 for all 𝑡 ∈ [0,𝑇 ). We refer to 𝑄 (𝑡) as the
measure of dynamic form closure. Overall, 𝑄 (𝑡) > 0 guarantees con-

tinuous motion transmission, while a larger value of 𝑄 (𝑡) indicates
better load-bearing performance of the mechanism.

5 Modeling Multi-Point Conjugation Gear Mechanisms

This section presents a bottom-up approach to modeling the ge-

ometry of a mpcGear, starting from a tooth pair (Section 5.1), a

sub-gear pair (Section 5.2), multiple sub-gear pairs (Section 5.3),

until a multi-point conjugation joint and a complete mechanism

(Section 5.4).

The driver gear and the follower gear are modeled as a conjugate

surface pair S1 and S2 with multi-point conjugation. Their respec-

tive conjugate motions, a periodic 1-DOF rotary motion 𝜙1
and a
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Fig. 4. Modeling a tooth pair, consisting of a pair of open 3D conjugate

curves p𝛼
𝑘,𝑗

(𝑡 ) with augmented normals n𝛼
𝑘,𝑗

(𝑡 ) , given the conjugate motion

pair M𝛼 (𝑡 ), 𝛼 ∈ {1, 2}. The blue curve denotes the locus curve p𝑘,𝑗 (𝑡 ) and
the red sphere denotes the conjugation point.

user-specified 3D motion 𝜙2
, are expressed by homogeneous trans-

formation matricesM𝛼 (𝑡), 𝛼 ∈ {1, 2}, 𝑡 ∈ [0,𝑇 ), in the fixed global

frame Σ(𝑂 − 𝑥,𝑦, 𝑧). The origin𝑂 is chosen as the follower-support

joint center (e.g., the rotation center for rotational motions). The

rotation axis of 𝜙1
is fixed at 𝑥 = −𝐿 in the global frame Σ, where 𝐿

denotes the distance from the driver axis to the origin𝑂 , controlling

the size of the mechanism. We fix 𝐿 = 25.0 in our experiments. All

geometric variables in this paper are defined in Σ.

5.1 Modeling One Tooth Pair

In this section, we model a tooth pair consisting of a pair of open 3D

conjugate curves with augmented normals. The tooth pair satisfies

the point conjugation conditions listed in Section 4.1 and maintains

contact only over a subinterval of the motion period [0,𝑇 ). By
contrast, the conjugate curve pairs realized in [Chen et al. 2024]

can be regarded as a special closed-curve realization that maintains

contact over the entire period [0,𝑇 ).

Modeling a pair of open 3D conjugate curves. We assume that the

driver surface S1 and the follower surface S2 have 𝐾 conjugation

points at any 𝑡 ∈ [0,𝑇 ). Following [Chen et al. 2024], each conju-

gation point is realized by a pair of 3D conjugate curves. Instead

of modeling a single pair of closed 3D conjugate curves that keeps

contact over [0,𝑇 ), we model 𝐽 pairs of open 3D conjugate curves

for each conjugation point, each of which keeps contact only over a

subinterval of [0,𝑇 ). We now consider the 𝑗-th pair of open 3D con-

jugate curves of the 𝑘-th conjugation point (1 ⩽ 𝑗 ⩽ 𝐽 , 1 ⩽ 𝑘 ⩽ 𝐾 ),

which contacts over a time interval (𝑡𝑠
𝑘,𝑗
, 𝑡𝑒
𝑘,𝑗
), where 𝑡𝑠

𝑘,𝑗
and 𝑡𝑒

𝑘,𝑗

denote the start and end times of contact; this interval is termed the

contact interval. During the motions of S1 and S2 over (𝑡𝑠
𝑘,𝑗
, 𝑡𝑒
𝑘,𝑗
), the

𝑘-th conjugation point traces a pair of open 3D conjugate curves

p𝛼
𝑘,𝑗

(𝑡) on the surfaces S𝛼 , 𝛼 ∈ {1, 2}, as well as a locus curve p𝑘,𝑗 (𝑡)
in the global frame Σ; see Figure 4. These curves must satisfy the co-

incident contact point condition in Section 4.1 for any 𝑡 ∈ (𝑡𝑠
𝑘,𝑗
, 𝑡𝑒
𝑘,𝑗
):

M1 (𝑡)p1
𝑘,𝑗

(𝑡) = p𝑘,𝑗 (𝑡) =M2 (𝑡)p2
𝑘,𝑗

(𝑡). (5)

Different from [Chen et al. 2024], which parameterizes p2
𝑘,𝑗

(𝑡), we
parameterize the locus curve p𝑘,𝑗 (𝑡) as an open 3D cubic B-spline

with 𝑙 control points, denoted by {ep𝑘,𝑗 }, to better preserve curve

simplicity during optimization. In our experiments, 𝑙 = 4. The pair

1st tooth pair

4th tooth pair

7th tooth pair

10th tooth pair

overlap interval

Fig. 5. Arrangement of the contact intervals for 𝐽 tooth pairs (illustrated

using 𝐽 = 10). Over the 𝑗-th subinterval [ ( 𝑗 − 1)𝑇 /𝐽 , 𝑗𝑇 /𝐽 ) of [0,𝑇 ) , the
𝑗-th tooth pair maintains contact, 1 ⩽ 𝑗 ⩽ 𝐽 .

of open 3D conjugate curves p𝛼
𝑘,𝑗

(𝑡) is then derived as polylines

from Equation (5) using p𝑘,𝑗 (𝑡) and the knownM𝛼 (𝑡), 𝛼 ∈ {1, 2}.

Modeling the augmented normals. Each point on the open 3D

conjugate curves p𝛼
𝑘,𝑗

(𝑡) is assigned a unit normal n𝛼
𝑘,𝑗

(𝑡), 𝛼 ∈ {1, 2}.
According to the coincident normal condition in Section 4.1, the

normals satisfy the following relationship (see Figure 4):

−M1 (𝑡)n1
𝑘,𝑗

(𝑡) = n𝑘,𝑗 (𝑡) =M2 (𝑡)n2
𝑘,𝑗

(𝑡), (6)

where n𝑘,𝑗 (𝑡) denotes the contact normal at the conjugation point

p𝑘,𝑗 (𝑡), 𝑡 ∈ (𝑡𝑠
𝑘,𝑗
, 𝑡𝑒
𝑘,𝑗
). We follow the approach in [Chen et al. 2024]

to model n𝑘,𝑗 (𝑡), which is required to satisfy n𝑘,𝑗 (𝑡) · T𝛼𝑘,𝑗 (𝑡) = 0,

𝛼 ∈ {1, 2}, where T𝛼
𝑘,𝑗

(𝑡) = M𝛼 (𝑡) ¤p𝛼
𝑘,𝑗

(𝑡) denotes the tangent vec-
tor of p𝛼

𝑘,𝑗
(𝑡) at the conjugation point p𝑘,𝑗 (𝑡). We establish a 2D

frame {N2

𝑘,𝑗
(𝑡),B2

𝑘,𝑗
(𝑡)} in the plane perpendicular to T2

𝑘,𝑗
(𝑡), and ex-

press n𝑘,𝑗 (𝑡) as N2

𝑘,𝑗
(𝑡) cos𝜃𝑘,𝑗 (𝑡) +B2

𝑘,𝑗
(𝑡) sin𝜃𝑘,𝑗 (𝑡), where 𝜃𝑘,𝑗 (𝑡)

is modeled by a 1D open cubic B-spline with 𝜌 control points {e𝜃𝑘,𝑗 },
and 𝜌 = 4 in our experiments. We enforce n𝑘,𝑗 (𝑡) ⊥ T1

𝑘,𝑗
(𝑡) by

minimizing an energy term 𝐸norm. Once n𝑘,𝑗 (𝑡) is obtained, n𝛼𝑘,𝑗 (𝑡),
𝛼 ∈ {1, 2} follow from Equation (6).

We model a tooth pair, consisting of a pair of open 3D conjugate

curves p𝛼
𝑘,𝑗

(𝑡) and the augmented normals n𝛼
𝑘,𝑗

(𝑡), by optimizing

the control points {ep𝑘,𝑗 } and {e𝜃𝑘,𝑗 } to minimize:

𝐸𝑘,𝑗 = 𝜔1𝐸norm + 𝜔2𝐸tang + 𝜔3𝐸plan, (7)

with weights 𝜔1 = 120.0 and 𝜔2 = 𝜔3 = 1.0. The two additional en-

ergy terms are introduced to ensure fabricable geometry. Specifically,

𝐸tang encourages the tangents of the two curves at the conjugation

point to be nearly collinear, and 𝐸plan encourages the two curves

to be nearly coplanar. The expressions for these energy terms are

provided in the supplementary material. The locus curve p𝑘,𝑗 (𝑡) is
initialized as a line segment and 𝜃𝑘,𝑗 (𝑡) is initialized to 0.

5.2 Modeling 𝐽 Tooth Pairs as One Sub-Gear Pair

In this section, for a fixed 𝑘 , we model a sub-gear pair using 𝐽 tooth

pairs { {p𝛼
𝑘,𝑗

(𝑡)}, {n𝛼
𝑘,𝑗

(𝑡)} }, 𝛼 ∈ {1, 2}, 1 ⩽ 𝑗 ⩽ 𝐽 , collectively re-

alizing the 𝑘-th conjugation point of the conjugate surface pair S1

and S2 over the entire interval [0,𝑇 ). In our experiments, 𝐽 = 10 for

each 𝑘 . First, we arrange the contact intervals of the 𝐽 tooth pairs
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(a) (b) (c) (d) (e)

Fig. 6. Modeling the geometry of a sub-gear pair. (a) Without 𝐸circ, the start points (purple) and end points (pink) fail to form circular arrangements. (b)

Without𝐶spac, consecutive open 3D conjugate curves become too close to each other. (c) Without 𝐸para, the circles formed by the start points and end points

are not approximately parallel. (d) Without𝐶widt, the two planes containing the circles are too close along the normal direction. (e) A valid sub-gear pair.

to ensure continuous contact throughout [0,𝑇 ). Second, we intro-
duce additional geometric requirements, leading to a constrained

optimization formulation for the sub-gear pair modeling.

Contact intervals. As stated in Section 5.1, a single tooth pair

maintains contact only within a subinterval (𝑡𝑠
𝑘,𝑗
, 𝑡𝑒
𝑘,𝑗
) of [0,𝑇 ). We

do not consider the tooth pair to be in contact at the boundary

instants 𝑡𝑠
𝑘,𝑗

and 𝑡𝑒
𝑘,𝑗

to prevent contact loss or impact shocks during

the transition between consecutive tooth pairs. To ensure that the

𝐽 tooth pairs maintain continuous contact for any 𝑡 ∈ [0,𝑇 ), their
contact intervals must cover the whole period:

[0,𝑇 ) ⊂
⋃

1⩽ 𝑗⩽𝐽

(𝑡𝑠
𝑘,𝑗
, 𝑡𝑒
𝑘,𝑗
). (8)

This equation implies that the contact intervals of consecutive tooth

pairs must overlap. To simplify the problem, we uniformly parti-

tion the interval [0,𝑇 ) into 𝐽 subintervals with [𝜏𝑠𝑗 , 𝜏𝑒𝑗 ) = [( 𝑗 −
1)𝑇 /𝐽 , 𝑗𝑇 /𝐽 ). We then arrange these contact intervals in a tradi-

tional gear-like manner:

𝑡𝑠
𝑘,𝑗

= 𝜏𝑠𝑗 −
𝑐 − 1

2

𝑇

𝐽
, 𝑡𝑒

𝑘,𝑗
= 𝜏𝑒𝑗 +

𝑐 − 1

2

𝑇

𝐽
, (9)

where 𝑐 > 1 denotes the contact ratio in traditional gear design, i.e.,

the average number of tooth pairs in contact during gear meshing.

Times outside [0,𝑇 ) are interpreted periodically; see Figure 5. In

our experiments, 𝑐 is set to 1.44. Under Equation (9), the 𝑗-th tooth

pair is guaranteed to maintain contact during the 𝑗-th time interval

[𝜏𝑠𝑗 , 𝜏𝑒𝑗 ). In the remainder of this paper, when computing the measure

of dynamic form closure or visualizing contacts of tooth pairs within

[𝜏𝑠𝑗 , 𝜏𝑒𝑗 ), we only consider the 𝑗-th tooth pair. The remaining portions

of (𝑡𝑠
𝑘,𝑗
, 𝑡𝑒
𝑘,𝑗
) serve to ensure smooth transitions between consecutive

tooth pairs.

Optimization-based modeling. Besides the requirements for the

contact intervals of the 𝐽 tooth pairs, these tooth pairs should also

be arranged without interference to facilitate fabrication. Two addi-

tional energy terms and two constraints are introduced: the energy

𝐸circ encourages the start points (and end points) of each p𝛼
𝑘,𝑗

(𝑡) to
form compact, circular arrangements like those in a traditional gear;

the constraint 𝐶spac ensures sufficient spacing between consecutive

open 3D conjugate curves on the follower surface as well as the

driver surface; the energy 𝐸para encourages the circles formed by

the start points and the end points to be nearly parallel; and the

constraint𝐶widt guarantees separation along the normal direction of

the planes containing the two circles; see Figure 6(a-d) for counter

examples. Their formulations are provided in the supplementary

material.

Combining Equation (7), we propose a constrained optimization

problem to model a sub-gear pair composed of 𝐽 tooth pairs:

min

P𝑘 ,𝜗𝑘
𝐸𝑘 =

∑︁
1⩽ 𝑗⩽𝐽

𝐸𝑘,𝑗 + 𝜔4𝐸circ + 𝜔5𝐸para,

s.t. 𝐶spac ⩽ 0, ∀𝛼 ∈ {1, 2}, 1 ⩽ 𝑗 ⩽ 𝐽 , 𝜒 ∈ {𝑠, 𝑒},
𝐶widt ⩽ 0,

(10)

where P𝑘 = { {ep𝑘,𝑗 } }1⩽ 𝑗⩽𝐽 and 𝜗𝑘 = { {e𝜃𝑘,𝑗 } }1⩽ 𝑗⩽𝐽 are the geo-
metric parameters and normal parameters of the 𝐽 tooth pairs. We

set 𝜔4 = 𝜔5 = 1.0 in our experiments. The problem is solved using

SLSQP [Kraft 1988] implemented in the NLopt package [Johnson

2020]; see Figure 6(e) for a valid result.

5.3 Modeling 𝐾 Sub-Gear Pairs

In this section, we model 𝐾 sub-gear pairs { {p𝛼
𝑘,𝑗

(𝑡)}, {n𝛼
𝑘,𝑗

(𝑡)} },
𝛼 ∈ {1, 2}, 1 ⩽ 𝑗 ⩽ 𝐽 , 1 ⩽ 𝑘 ⩽ 𝐾 , which are used for modeling all

the teeth on the gears; see Figure 7(b). The 𝐾 sub-gear pairs are

required to satisfy the dynamic form closure condition for contin-

uous motion transmission and remain interference-free to ensure

fabricability. Following [Chen et al. 2024], we formulate this prob-

lem as an optimization problem in Section 5.3.1 and present the

solver in Section 5.3.2. To obtain geometry with a favorable load-

bearing performance, we use the measure in Section 4.2 to guide

the formulation of the objective functions in our optimization.

5.3.1 Optimization Formulation. We formulate the modeling of 𝐾

sub-gear pairs for our mpcGear as an optimization problem, includ-

ing the search space, objective functions and constraints.

Search space. The search space is defined by all the control points

of the open 3D conjugate curves {P𝑘 }1⩽𝑘⩽𝐾 with the augmented

normals {𝜗𝑘 }1⩽𝑘⩽𝐾 , and the number of the sub-gear pairs 𝐾 .

Objective functions. As discussed in Section 4.2, we require𝑄 (𝑡) >
0,∀𝑡 ∈ [0,𝑇 ) for the 𝐾 sub-gear pairs to satisfy the dynamic form

closure condition. We define an indicator function 𝐸indi (𝑡) = 1 if

𝑄 (𝑡) > 𝜀 and 0 otherwise, with 𝜀 a small positive threshold (set

to 0.02 in our experiments). Following the assumption made in

Section 5.2, within the 𝑗-th subinterval [𝜏𝑠𝑗 , 𝜏𝑒𝑗 ), we consider only
the contribution of the 𝑗-th tooth pair from each sub-gear pair to

the dynamic form closure. Thus we introduce the first objective

function, which measures the proportion of the motion period 𝑇
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(a) (b) (d)(c) (e)

Fig. 7. Modeling a multi-point conjugation gear mechanism. (a) Given the user-specified motionM2 (𝑡 ) , (b) we first model 𝐾 sub-gear pairs that satisfy the

dynamic form closure condition. (c) Then we model a multi-point conjugation joint by choosing a pair of fixed cross sections to sweep along the optimized 3D

conjugate curves to form the surfaces of the teeth. (d) Next, we add spokes and a central hub to connect all the teeth for each gear. (e) Finally, we model the

support, the driver-support joint, and the follower-support joint.

over which the dynamic form closure condition is satisfied:

𝐸validTime =
1

𝐽𝑅

∑︁
1⩽ 𝑗⩽𝐽

∑︁
0⩽𝑟<𝑅

𝐸indi (𝑡 𝑗,𝑟 ) , (11)

over 𝑅 uniform samples 𝑡 𝑗,𝑟 = (1 − 𝑟/𝑅) 𝜏𝑠𝑗 + (𝑟/𝑅) 𝜏𝑒𝑗 , 0 ⩽ 𝑟 < 𝑅.

𝑅 = 36 in our experiments. The dynamic form closure condition is

satisfied when 𝐸validTime = 1. In addition, as discussed in Section 4.2,

we maximize𝑄 (𝑡) for the𝐾 sub-gear pairs to characterize and guide

favorable load-bearing performance of the gears. To this end, we

introduce the second objective function to evaluate the minimum

value of 𝑄 (𝑡) throughout [0,𝑇 ):

𝐸minMsr =min

𝑗,𝑟
𝑄 (𝑡 𝑗,𝑟 ). (12)

Constraints. Our optimization has two constraints. 𝐶closure en-

forces Equation (3) to exclude the degenerate case.𝐶collision prevents

collisions among the 𝐾 sub-gear pairs. Please refer to the supple-

mentary material for their expressions.

5.3.2 Optimization Solver. For a given 𝐾 , we adopt a two-stage

approach to solve for {P𝑘 }1⩽𝑘⩽𝐾 and {𝜗𝑘 }1⩽𝑘⩽𝐾 . First, multiple can-

didates are generated by solving the optimization in Equation (10)

incorporating the two constraints 𝐶closure and 𝐶collision and an extra

energy term 𝐸vary to promote diversity. Then, a genetic algorithm

is employed to select and combine candidates to maximize the ob-

jective functions in Equations (11) and (12).

According to Equation (2), at least 𝑁 + 1 sub-gear pairs are re-

quired to realize an 𝑁 -DOF motion. To obtain a compact mecha-

nism, we start with 𝐾 = 𝑁 + 1 and attempt to find a solution using

the above two-stage approach, and increase 𝐾 by 1 until we find

a feasible solution satisfying the dynamic form closure condition.

Implementation details are provided in the supplementary material.

5.4 Finalizing the mpcGear Modeling

After optimization, we construct the geometry of a mpcGear by

first computing the tooth pairs { {p𝛼
𝑘,𝑗

(𝑡)}, {n𝛼
𝑘,𝑗

(𝑡)} } from the op-

timized control points { {P𝑘 }, {𝜗𝑘 } } through Equations (5) and (6);

see Figure 7(b). Next, we use them to model a multi-point conju-

gation joint composed of multiple gear teeth modeled by swept

surfaces; see Figure 7(c). For both gears, we connect the teeth of

each gear into a single rigid body by adding a central hub and a set

central hub

spoke

tooth
(a) (b)

Fig. 8. (a) A gear in a mpcGear with a central hub, multiple teeth, and

spokes that connect the teeth to the central hub. (b) A pair of involute gears

transferring a 1-DOF rotation to another 1-DOF rotation.

of spokes that connect the teeth to the hub; see Figure 7(d) and Fig-

ure 8(a). Finally, we add the driver-support joint, follower-support

joint, and a support, resulting in a complete, fabricable mpcGear; see

Figure 7(e). Please refer to the supplementary material for details.

6 Results

We implement our approach in C++ and libigl [Jacobson et al. 2018]

on a MacBook with a 3.2GHz CPU and 16GB memory. We show that

our approach can model mpcGears of different classes (Figure 9),

evaluate the kinematic performance of a mpcGear (Figure 10), com-

pare the load-bearing performance of a mpcGear with that of a

mpcMech (Figures 11 and 12), and show the practical value of our

mpcGears with two applications (Figures 1 and 13). Please refer to

the accompanying video for demos. In the supplementary material,

we present a table providing statistics of all results shown in this

paper. Overall, modeling a mpcGear takes from 16 to 147 minutes.

Lower DOFs of the motion space typically result in shorter times.

Modeling various classes of mpcGears. We present four classes of

mpcGears, including mpcGear_1R, mpcGear_1R1T, mpcGear_3R

and mpcGear_3R1T; see Figure 9. We find that the required number

of sub-gear pairs 𝐾 increases with the DOFs of the motion space,

which is consistent with [Chen et al. 2024]. However, for the same

motion space, our mpcGears require a smaller 𝐾 than mpcMechs. In

the first three results,𝐾 reaches its minimum theoretical value 𝑁 +1

given by Equation (2).We reasonably attribute this to the use ofmore

flexible, freeform open 3D conjugate curves in our modeling, which

enables dynamic form closure to be satisfied with fewer contacts,

as opposed to closed curves.
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(a) mpcGear_1R (b) mpcGear_1R1T (d) mpcGear_3R1T(c) mpcGear_3R

Fig. 9. Four classes of mpcGears that we have modeled, where the follower gear (yellow) can perform (a) 1-DOF rotation, (b) 1-DOF rotation and 1-DOF

translation, (c) 3-DOF rotation, and (d) 3-DOF rotation and 1-DOF translation.

Fig. 10. Evaluating the kinematic performance of a mpcGear_3R for gen-

erating a 3D motion, where the end-effector traces a Trefoil curve. (Left)

Our modeled mpcGear_3R. (Right) The 3D printed prototype, where the

generated trajectory is tracked in video frames and visualized in purple.

We also briefly compare mpcGears with traditional gear pairs.

Traditional gear pairs are more compact, structurally simpler, and

likely more efficient for transferring motions in a low-DOF motion

space, typically rotary motion transmission between two shafts; see

Figure 8(b) for an involute gear pair. In contrast, the mpcGear_1R

in Figure 9(a) is less compact and more complex because it contains

two sub-gear pairs. However, our mpcGears can generate motions in

high-DOF motion spaces that traditional gear pairs cannot directly

realize; see Figure 9(c-d).

Evaluation of kinematic performance. To evaluate the kinematic

performance of mpcGears, we model and fabricate a mpcGear_3R

to generate a specified motion; see Figure 10. The motion follows a

Trefoil curve on a spherical surface with simultaneous rotation.

We visualize the motion by attaching a red sphere and two arrows to

the end-effector. The mechanism is fabricated using SLA 3D printing

with a resolution of 0.1mm. We track the path generated by the

red sphere using an image-based approach. Figure 10 compares the

virtual result and the 3D printed prototype from the front view.

The result shows that our mpcGear functions well as a working

mechanism, with the driver gear continuously transferring motion

mpcGear

mpcMech

Measure of Dynamic Form Closure

Fig. 11. Comparison of the measure of dynamic form closure between

mpcMech (black) and our mpcGear (red) over a full motion period [0,𝑇 ) .

to the follower gear, as enabled by satisfying the dynamic form

closure condition. Moreover, both the tracked trajectory and arrow

directions closely match their virtual counterparts throughout the

motion. Please refer to the accompanying video. The discrepancy

between the trajectories may be caused by fabrication tolerances

and material deformation, which can be reduced by more precise

manufacturing and tougher materials.

Comparison with mpcMech. We evaluate load-bearing performa-

nce by comparingmpcGears withmpcMechs [Chen et al. 2024]. First,

we model a mpcGear_3R and a mpcMech_3R for the same 3-DOF ro-

tation, optimize both mechanisms using the measure in Equation (4),

and use identical support geometry in both designs; see rows 1-2

of Figure 12. We compute the measure value for both mechanisms

over 𝑡 ∈ [0,𝑇 ); see Figure 11. Our mpcGear consistently maintains

a higher measure than the mpcMech, with improvements ranging

from 20.9% to 633.2% over [0,𝑇 ). Second, for further verification, we
fabricate 3D printed prototypes of both mechanisms; see rows 3-6 of

Figure 12 and the accompanying video. Both mechanisms are fixed

to a table, and a grooved cylindrical component is attached to the

follower at the same location, with a rope and a 10g slotted weight

hanger. Each follower’s center of mass is aligned with the ball joint
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60 g

60 g

110 g

210 g

mpcMech

mpcGear

mpcMech

mpcGear

mpcMech

mpcGear

Fig. 12. Comparison of load-bearing performance between mpcMech and mpcGear through a physical experiment. (Rows 1-2) Four key poses of mpcMech_3R

and mpcGear_3R generating the same motion, where the leftmost column shows the first key pose. (Rows 3-4) mpcMech_3R and mpcGear_3R both carrying a

60g load. (Rows 5-6) mpcMech_3R carrying a 110g load and mpcGear_3R carrying a 210g load.

to eliminate gravity-induced moments. We examine whether each

mechanism can still generate the prescribed motion under increas-

ing weights. Both mechanisms complete the full motion under a

60g load, but the mpcMech loses contact at the fourth pose under a

110g load, whereas our mpcGear still completes the motion under

a 210g load. In our experiments, the mpcMech is able to complete

the motion under loads up to 100g, so the resulting improvement

of at least 110% is consistent with the difference predicted by Fig-

ure 11, noting that the measure evaluates the worst-case effective

wrench (torque in mpcGear_3R) over all directions in𝑈 , while this

experiment considers only the direction of the torque produced by

the gravity of the weights. These results suggest that mpcGears

modeled using open 3D conjugate curves exhibit improved load-

bearing performance compared to mpcMechs modeled by closed 3D

conjugate curves.

Applications. We showcase the practical value of our mpcGears

using two applications. First, we model and fabricate a mpcGear_3R

to realize a low-cost manipulator that is driven by a single actuator

and capable of performing a load-bearing pick-and-place task; see

Figure 1. The follower gear lifts and transfers a tray loaded with four

200g weights (800g total), performing a complex 3-DOF rotational
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(a) (b) (c) (d)

Fig. 13. A flapping wing mechanism modeled using mpcGears to perform bird-like flapping motions. (a) and (c) show two key poses of the mechanism, while

(b) and (d) provide corresponding close-up views highlighting the details of the mpcGears.

(a) (c)(b)

Fig. 14. Three representative failure cases. (a) A target motion with an overly large range causes the follower gear to overlap with the support region. (b) A

target motion whose end-effector trajectory contains too many high-curvature points causes a follower tooth to overlap with a driver tooth and its spoke. (c)

When the driver gear has 12 teeth and the follower gear has 6 teeth, a driver tooth collides with a non-corresponding follower tooth.

motion in which the tray continuously changes its orientation dur-

ing manipulation. Second, we apply mpcGears to a flapping-wing

mechanism, where a pair of mpcGear_3Rs generates symmetric

motions; see Figure 13. The reciprocating rotations of the driving

gears generate 3-DOF flapping motions, suggesting the potential of

mpcGears for applications involving aerodynamic loads.

Limitations. One strength of our mpcGears is their ability to

exactly generate a user-specified motion. However, this does not

mean that our approach can model a mpcGear for arbitrary motions,

and the design space is still not fully understood mainly because of

fabrication constraints. Figure 14 shows three representative failure

cases caused by unfabricable geometries: a target motion with an

overly large range may make it infeasible to add the support because

the follower gear may overlap with the support region; an end-

effector trajectory with high-curvature points may cause twisted

follower teeth, leading to tooth collisions; and when the driver

has more teeth than the follower, the resulting driver teeth may

become overly long and collide with non-corresponding follower

teeth. A detailed discussion of the effects of unequal tooth numbers

is provided in the supplemental material.

7 Conclusion

We present a new class of unconventional gear mechanisms called

multi-point conjugation gear mechanisms (mpcGears), in which the

driver gear can transfer motion to the follower gear continuously

via multiple conjugation points. Our work models mpcGears for 3D

motion generation under external loads based on gear geometry

with multi-point conjugation. We introduce an optimization-based

approach to model mpcGears, in which the dynamic form closure

condition is satisfied to ensure continuous motion transmission,

while the measure of dynamic form closure is used to evaluate and

guide the load-bearing performance induced by the gear geometry.

The effectiveness of our approach is demonstrated by the diverse

mpcGears we modeled. Our work shows that complex motion in-

formation can be successfully encoded into gear geometry.

Future work. Several promising directions remain for future work.

First, this work mainly focuses on the motion generation ability and

load-bearing performance of mpcGears. An important direction is to

conduct more comprehensive mechanical analyses, such as analyses

of contact stress, transmission efficiency, and sensitivity to toler-

ances. Second, another direction is to explore mechanical systems

composed of multiple mpcGears to enable coordinated or multi-

ple output motions, analogous to conventional gear trains. Finally,

we plan to combine mpcGears with other mechanical components,

such as cams, linkages, and belts, to enable more applications in

engineering and robotics.
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